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Résumé
Le cancer du sein est le cancer le plus fréquemment diagnostiqué et la deux-
ième cause de décès, chez les femmes. Selon l’organisation mondiale de la
santé, cette maladie touche environ 2, 1 millions de femmes chaque année.
Les campagnes de dépistage à partir d’un certain âge jouent un rôle fon-
damental pour réduire la mortalité causée par le cancer du sein. Dans ce
contexte, la mammographie est la modalité d’imagerie actuellement utilisée
en première intention pour le dépistage et le diagnostic du cancer du sein.
Cette technique d’imagerie permet l’observation du sein radiographié par
rayons X sur un plan 2D. Bien que cette modalité ait prouvé son efficacité,
elle présente des limitations inhérentes à la superposition des tissus lors de
la projection du sein sur le plan image, ce qui a pour conséquence de réduire
la visibilité des lésions, voire de les occulter complétement. Afin de pallier
ces défauts, une alternative est de considérer l’information tridimensionnelle
du sein. L’introduction de la tomosynthèse numérique du sein semble une
voie prometteuse d’imagerie tridimensionnelle utilisée dans le dépistage et le
diagnostic du cancer du sein. Elle s’appuie sur l’acquisition d’un ensemble
de projections 2D sur une ouverture angulaire limitée. Par la suite, un al-
gorithme de reconstruction permet de retrouver un volume 3D composé de
coupes parallèles au détecteur permettant la réduction de la superposition
des structures. Cette modalité favorise l’exploration volumique des seins
denses. En outre, elle permet une meilleure visibilité et identification des
lésions potentiellement présentes dans le sein et donc de réduire le taux de
femmes rappelées pour des examens complémentaires.
La précision du diagnostic lors du dépistage du cancer du sein dépend
considérablement de la capacité du radiologue à détecter facilement les lé-
sions et plus particulièrement les microcalcifications dans les images analysées.
Bien que la tomosynthèse ait le potentiel de réduire le problème de super-
positions des tissus posé en mammographie standard, la détectabilité des
microcalcifications n’a pas encore atteint un niveau de qualité faisant con-
sensus au sein de la communauté médicale. Premièrement, la détection des
microcalcifications est une tâche difficile à cause de leur petite taille et de
leur contraste parfois faible dans les seins denses. Deuxièmement, l’apport
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de la représentation tridimensionnelle du sein par la tomosynthèse se fait
au prix d’une plus grande quantité d’images à analyser pour le radiologue.
En effet, un volume 3D peut compter dix à cinquante fois plus d’images à
examiner qu’un cliché 2D issu de la mammographie standard ce qui aug-
mente la durée et la complexité de l’interprétation pour le radiologue. Ses
performances de détection en sont ainsi affectées. Finalement, étant don-
née l’ouverture angulaire limitée lors de l’acquisition des projections en to-
mosynthèse, les volumes reconstruits sont caractérisés par une résolution
anisotrope, avec une haute résolution au niveau des plans parallèles au dé-
tecteur et une résolution très inférieure dans la direction perpendiculaire, ce
qui peut avoir un impact néfaste sur la visibilité des microcalcifications.
Afin d’améliorer la performance des radiologues en termes de détectabil-
ité des microcalcifications en tomosynthèse numérique du sein, une solution
est d’investiguer l’algorithme de reconstruction qui joue un rôle crucial sur
l’apparence des données reconstruites. D’un point de vue mathématique, la
reconstruction en tomosynthèse numérique du sein est un problème inverse
mal posé, pour lequel les méthodes itératives régularisées ont démontré leur
supériorité sur les méthodes analytiques. En effet, l’avantage primordial
des méthodes itératives consiste à incorporer de la connaissance a priori
pour pallier au problème de données manquantes. D’un point de vue pra-
tique, ces termes a priori sont généralement réglés de manière à optimiser
des métriques de qualité d’image. Ces dernières, bien que garantissant une
certaine intégrité de la restauration des données, ne modélisent pas la tâche
clinique du radiologue, notamment la détection des microcalcifications. De
plus, le sein est constitué de plusieurs composantes anatomiques avec des
propriétés d’atténuation différentes, par rapport à celles des microcalcifica-
tions. Dans ce contexte, avoir recours à des termes de régularisation stan-
dard, comme par exemple la variation totale classique, s’avère insuffisant
pour gérer l’hétérogénéité des images du sein.
Dans cette thèse, nous proposons de reformuler le problème de recon-
struction en tomosynthèse de manière à maximiser la détection des mi-
crocalcifications par le radiologue, en prenant en compte les spécificités
anatomiques du sein. Plus précisément, nous proposons la minimisation
d’une fonction coût intégrant des termes de régularisation qui encodent ef-
ficacement des connaissances a priori cliniquement significatives. Dès lors,
nous introduisons une nouvelle formulation variationelle de la reconstruc-
tion des images en tomosynthèse numérique du sein qui permet à la fois le
rehaussement de la détectabilité des microcalcifications et une restauration
de bonne qualité des tissus mammaires.
Les contributions de la thèse comportent quatre volets :
1. Nous proposons un nouveau terme a priori, qui vise à réhausser la
détectabilité des microcalcifications. La stratégie de détection optée
par les observateurs mathématiques CHO ajoutée à la reconstruction
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itérative régularisée en tomosynthèse seront présentées dans le chapitre
3.
2. Nous introduisons, dans le chapitre 4, une nouvelle régularisation spa-
tiale, Spatially Adaptive Total Variation (SATV), en complément de
la fonction de détectabilité dans le problème de reconstruction en to-
mosynthèse.
3. Nous étudions l’application de l’algorithme de Majoration-Minimisation
à Mémoire de Gradient (3MG) à notre problème de reconstruction et
en proposons une version accélérée, dans le chapitre 5.
4. Nous menons dans le chapitre 6 une étude d’analyse d’images impli-
quant quatorze lecteurs dont neuf radiologues avec différents niveaux
d’expertise et cinq experts en mammographie de GE Healthcare afin
d’évaluer quantitativement les contributions de l’approche de recon-
struction proposée en tomosynthèse numérique du sein.
Nous commençons par une introduction générale dans le chapitre 1, en
détaillant les objectives de la thèse, les contributions ainsi que les publica-
tions relatives à nos travaux de recherche.
Le chapitre 2 est consacré à expliquer le contexte clinique relatif à nos
travaux de recherche. Tout d’abord, nous décrivons l’épidémiologie du can-
cer du sein et nous présentons brièvement les différentes modalités d’imagerie
actuellement utilisées pour le dépistage et le diagnostic du cancer du sein.
Nous introduisons par la suite la tomosynthèse numérique du sein en mettant
en relief les avantages par rapport à la mammographie standard. Dès lors,
nous nous focalisons sur les principes généraux afin de mieux comprendre
les enjeux et les points d’amélioration potentiels dans le cadre de détection
des microcalcifications. Nous finissons ce chapitre par l’étude du processus
de reconstruction en tomosynthèse. Cette dernière s’avère une voie promet-
teuse et cruciale pour améliorer la détectabilité des microcalcifications par
le radiologue.
Dans le chapitre 3, nous introduisons la nouvelle approche proposée qui
vise à rehausser la détectabilité des microcalcifications. Nous commençons
par présenter les limites des approches standard de reconstruction en to-
mosynthèse qui ne prennent pas en compte la tâche clinique du radiologue,
notamment la détection des microcalcifications. Dès lors, nous proposons
notre approche en formulant tout d’abord une nouvelle fonction de dé-
tectabilité inspirée des observateurs mathématiques. Nous expliquons, par
la suite, la construction et l’implémentation de ce nouveau terme a priori
qui sera intégré dans une fonction objectif minimisée par un algorithme de
reconstruction dédié. Nous montrons finalement l’intérêt de notre approche
à l’égard des méthodes standard de reconstruction sur des données synthé-
tiques et cliniques.
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Le chapitre 4 est dédié à la nouvelle régularisation spatiale SATV. En
premier lieu, nous présentons les régularisations spatiales de l’état de l’art
basées sur la variation totale. Ensuite, nous expliquons le besoin d’introduire
une régularisation spatiale plus sophistiquée et adaptée au contenu mor-
phologique des images du sein. Nous suggérons alors une formulation orig-
inale où l’opérateur de gradient est remplacé par un opérateur adaptatif
appliqué à l’image qui incorpore efficacement la connaissance a priori rela-
tive à la localisation de petits objets. Enfin, nous déduisons notre régular-
isation SATV et l’intégrons dans une nouvelle approche de reconstruction.
Les résultats obtenus sur des données synthétiques et cliniques démontrent
que SATV présente une piste prometteuse pour améliorer les méthodes de
régularisation de l’état de l’art.
Dans le chapitre 5, nous étudions l’application de l’algorithme de Majora-
tion Minimisation à Mémoire de Gradient (3MG) à notre problème de recon-
struction. Dans le but d’accroître sa vitesse de convergence, nous proposons
deux améliorations numériques : premièrement, nous considérons la formu-
lation d’une majorante locale de la fonction objectif à minimiser dans le voisi-
nage de l’itération actuelle. Cette amélioration revient à relaxer l’hypothèse
de majoration dans le principe du Majoration-Minimisation (MM). Deux-
ièmement, nous formulons une nouvelle approche qui vise à augmenter pro-
gressivement le poids de la fonction de distance. Nous évaluons finalement
les performances numériques de l’algorithme 3MG amélioré en comparant
sa vitesse de convergence avec celles d’algorithmes d’optimisation convexe
concurrents.
Le chapitre 6 porte sur l’évaluation quantitative des contributions de
l’approche de reconstruction proposée en tomosynthèse numérique du sein.
Nous décrivons tout d’abord la méthodologie adoptée dans notre étude de
lecture d’images en expliquant la construction de la base de données utilisée,
les lecteurs impliqués et le protocole de lecture des images. Nous présen-
tons finalement les résultats qui démontrent l’intérêt de notre méthode de
reconstruction par rapport à l’approche standard non-régularisée selon des
critères visuels spécifiques.
Dans le chapitre 7, nous résumons nos principales contributions et nous
proposons plusieurs pistes pour de futurs travaux.
Notation
R : set of real numbers
R
m : set of vectors with m entries
R
m×n : set of matrices with m rows and n columns
N : set of positive integers
v : scalars and vectors will be denoted by lowercase letters
M : matrices will be denoted by uppercase letters
M⊤,M−1 : transpose and inverse of M , respectively
Im : square identity matrix Rm
vi : ith coefficient of v
‖v‖1 : ℓ1 norm of v
‖v‖ : ℓ2 norm of v
‖v‖1,2 : ℓ1,2 norm of v
‖M‖S : spectral norm of M
Diag{v} : diagonal matrix whose elements are given by v
∇f(v) : gradient function f evaluated at v
∆ : 3D discretized gradient operator in R3m×m
ιC : indicator function of set C
PC : porjection onto set C
p(x) : prior probability density function of x
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General introduction
§ 1.1 Context
In a will to reduce the mortality linked to breast cancer, heavy demands
on improving medical imaging modalities for breast cancer detection led to
many developments conducted in the last few years. Full Field Digital Mam-
mograph (FFDM) has for a long time been considered as the gold standard
for screening and early detection of breast cancer. Recently, Digital Breast
Tomosynthesis (DBT) has nonetheless demonstrated its clinical superiority
over FFDM for detecting lesions with comparable X-ray dose.
One of the main features of DBT is to foster a quasi-3D image of the
breast. Indeed, it relies on the acquisition of a set of low-dose 2D projections
on a limited angular aperture. The reconstruction of a 3D volume of the
imaged object from these projections is conducted thanks to a reconstruc-
tion algorithm. This 3D nature of the reconstructed image is of a crucial
importance, in particular for women with dense and heterogeneous breasts.
Indeed, in dense breasts cancer detection can lead to lower clinical perfor-
mance when using FFDM due to the superimposition of tissues inherent to
the projection process. In analogy to looking for a needle in a haystack,
detecting a cancer lesion by visual inspection of a standard 2D mammogra-
phy is very challenging. Therefore, three-dimensional DBT offers a piercing
view through the haystack, i.e., the breast, by decreasing masking effect of
tissue superimposition. Thus, it helps to reduce recall rates, to improve the
accuracy of breast cancer detection, and consequently to improve the clinical
performance especially for dense breasts.
The diagnosis accuracy in breast cancer screening highly depends on
the facility of the radiologist to detect lesions and more particularly micro-
calcifications within the analyzed images. Nevertheless, microcalcification
detectability in the context of DBT has not yet reached consensus in the
1
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medical community. First, microcalcification detection is a very challeng-
ing task due to their small size and their potential low contrast in dense
areas of the breast. Second, the high number of images to be reviewed in
DBT, due to its three dimensional nature, increases the time and complexity
of the interpretation for the radiologist, that may negatively affect her/his
performance in terms of visual detection accuracy. Third, due to inherent
geometric limitations of DBT, the reconstructed DBT volumes are charac-
terized by anisotropic spatial resolution, with high resolution in the planes
parallel to the detector and much lower resolution in the perpendicular di-
rection.
One leading research direction to improve microcalcification detectability
performance in DBT is to investigate on the reconstruction process of DBT
volumes. DBT image reconstruction is considered as an ill-posed problem
where iterative algorithms demonstrated their superiority over the analyt-
ical ones. The main advantage of such methods is their ability to incor-
porate prior knowledge aiming at mitigating the missing information issue.
Although these regularized approaches seem to provide a certain trade-off
in terms of image quality in DBT, they do not account for the aforemen-
tioned clinical task, i.e. microcalcification detection. In addition, breasts
are composed of several anatomical components with different attenuation
properties compared with the ones of microcalcifications. Employing clas-
sical regularization approaches, such as total-variation (TV), may not be
adapted to handle such heterogeneity within the DBT images.
In this work, we propose to reformulate the reconstruction method so
that it maximizes the clinical task (detection of microcalcification) taking
into consideration the anatomical specificities within the breast. More pre-
cisely, we investigate the minimization of a penalized least squares cost
function encoding some clinically meaningful prior knowledge. Then, we
introduce a novel variational reconstruction framework in DBT which is tai-
lored to enhance the microcalcification detectability and to enable a high
quality restoration of the breast tissue background. The outcomes of our
work have both mathematical and applicative components.
§ 1.2 Main contributions
Chapter 3 focuses on introducing a new a priori term in the DBT reconstruc-
tion process by adding to classical regularized iterative DBT reconstruction
a task-based assessement strategy implemented in CHO observer. Our con-
tributions are:
(i) A new approach is proposed aiming at enhancing the detectability of
microcalcifications in DBT reconstruction as the targeted clinical task.
(ii) A detectability penalty function is defined which is computed following
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an approach similar to the mathematical model observer CHO and
integrated as an a priori term in the proposed optimization approach.
(iii) Experimental results obtained on both synthetic and clinical datasets
demonstrate the potential interest of our method with respect to stan-
dard DBT reconstruction in terms of microcalcification visibility.
Chapter 4 introduces a new Spatially Adaptive Total Variation (SATV) reg-
ularization in DBT reconstruction, in addition to the detectability function.
Our contributions are:
(i) We provide a new definition for the weighted gradient field by inte-
grating a priori knowledge on microcalcification spatial location.
(ii) SATV is incorporated as a spatial regularization term with the de-
tectability function in DBT reconstruction, leading to the dSATV re-
construction approach.
(iii) Experimental results conducted on several datasets highlight the po-
tential interest of our proposed dSATV approach which constitutes a
promising way of improving state-of-the-art regularization methods.
In Chapter 5, we investigated the application of the Majorize-Minimize
Memory Gradient (3MG) algorithm to our proposed dSATV approach. Our
contributions are:
(i) Two numerical improvements are proposed for 3MG algorithm when
applied to our reconstruction approach. These improvements com-
prise a definition of a local majoration of the objective function in the
neighbourhood of the current iterate and a new scheme of the weight
of the distance penalization function of each voxel of the volume to the
plausible hypercube values.
(ii) We conduct a numerical comparison of the convergence speed of the
proposed method with those of standard convex optimization algo-
rithms and we showed the interest of the proposed numerical improve-
ments of 3MG in terms of convergence speed.
In Chapter 6, a visual experiment trial is conducted with fourteen read-
ers including nine radiologists with different levels of expertise and five GE
Healthcare experts in mammography to quantitatively evaluate the contri-
bution of our proposed dSATV approach. Our contributions in this chapter
are:
(i) We present a clinical protocol to carry out a visual study assessing the
potential benefits of our proposed 3D reconstruction algorithm.
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(ii) We provide a comparison of dSATV and the standard non-regularized
least squares solution NRLS according to four criteria: microcalcifica-
tion conspicuity, rendering of breast structures, presence of potential
artifacts and overall visual preference.
(iii) An inter-reader agreement analysis was conducted to highlight the im-
age preference triggers from the different reader populations.
§ 1.3 Related publications
Journal papers
• M. Sghaier, E. Chouzenoux, J.C. Pesquet and S. Muller, “A Novel
Task-Based Reconstruction Approach for Digital Breast Tomosynthe-
sis”, Submitted to Medical image analysis.
Conference papers
• M. Sghaier, E. Chouzenoux, J.C. Pesquet and S. Muller, “A New
Spatially Adaptive TV Regularization for Digital Breast Tomosynthe-
sis,” 2020 IEEE 17th International Symposium on Biomedical Imaging
(ISBI 2020), Iowa City, IA, USA, 2020, pp. 629-633.
• M. Sghaier, E. Chouzenoux, G. Palma, J.C. Pesquet and S. Muller, “A
New Approach For Microcalcification Enhancement In Digital Breast
Tomosynthesis Reconstruction,” 2019 IEEE 16th International Sym-
posium on Biomedical Imaging (ISBI 2019), Venice, Italy, 2019, pp.
1450-1454.
§ 1.4 Outline
The manuscript is organized as follows.
In Chapter 2, we introduce the context of our research work. First, we
provide the clinical context in Section 2.2 by giving an overview of breast
cancer epidemiology and the main diagnosis imaging modalities currently
used for breast cancer screening. Then, we focus on DBT by spotlighting
its main benefits over standard x-ray mammography, which is the current
standard for screening and early detection of breast cancer. In Section 2.3,
we foster an exhaustive presentation of DBT to understand the challenges
and identify some potential improvements in microcalcification detectability
task. Then, in Section 2.4 we investigate the reconstruction process of DBT
volumes as a promising research direction to enhance microcalcification de-
tectability performance in DBT.
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Chapter 3 is dedicated to introducing a novel approach for microcalcifi-
cation enhancement in DBT reconstruction. First, in Section 3.2 we explain
the motivation and the mathematical formalism of our approach. Then, in
Section 3.3, we present the construction of the clinical task based a priori
term introduced in our approach. Finally, by integrating the developed clin-
ical term in an optimization framework, we illustrate on both synthetic and
clinical datasets the potential interest of our method with respect to stan-
dard DBT reconstruction in terms of microcalcification visibility, in Section
3.4.
In Chapter 4, we introduce a new Spatially Adaptive TV (SATV) reg-
ularization function and its application in DBT. In Section 4.2, we present
state-of-the-art TV-based regularization strategies. Then, in Section 4.3 we
provide a novel definition of the weighted gradient field by integrating a
priori knowledge on microcalcification spatial location. Subsequently, we
deduce the SATV regularization and integrate it in the clinical task-based
reconstruction approach for DBT. Finally, we discuss in Section 4.4 the qual-
itative results conducted on both physical phantom and clinical datasets.
In Chapter 5, we investigate the application of Majorize-Minimize Mem-
ory Gradient (3MG) algorithm to our proposed DBT reconstruction. There-
fore, we formulate 3MG algorithm when applied to the clinical-task based
reconstruction in Section 5.2. We then suggest two numerical improvements
of the algorithm aiming at improving the speed of the reconstruction process
in Section 5.3. Finally, in Section 5.4 we evaluate the numerical performance
of 3MG by comparing the convergence speed of the proposed method with
those of standard convex optimization algorithms.
Chapter 6 presents the quantitative assessment of the proposed DBT
reconstruction approach through a visual evaluation study. First, we present
in Section 6.2, the methodology of the visual experiment study by describing
the construction of the image data set, the image readers and the image
review protocol. We then show and discuss the results of our experiment in
Section 6.3.
Finally, we draw some conclusions and perspectives in Chapter 7.
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- Chapter 2 -
Tomographic reconstruction and its application in
DBT
§ 2.1 Introduction
The mortality rate of breast cancer is one of the primary clinical motiva-
tion behind developing new and improved breast imaging techniques. As
technology evolves, breast cancer imaging and screening, which enables to
detect the tumor at the early stage, provides guidance to more effective
treatments. Therefore, the need for breast images that maximise the lesion
detectability performance becomes increasingly important. In this thesis,
we are interested in Digital Breast Tomosynthesis (DBT) as an emerging
imaging technique that plays an important role in breast cancer detection.
The objective of this introductory chapter is to present the clinical con-
text of our research. First, we introduce in Section 2.2 breast cancer basics
starting from the scope of epidemiology and we describe the main diagno-
sis imaging modalities currently used to detect suspicious lesions. Then,
we focus on DBT by highlighting its main advantages over standard x-ray
mammography, which is the current standard for breast cancer screening
and diagnosis. A thorough description of DBT will be provided in Sec-
tion 2.3 to better seize the challenges and identify some potential prospects
for its improvement. Thus, in Section 2.4 we delve into one of its main
features, which is the reconstruction algorithm, in order to bring insight to
the contribution of our research work.
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§ 2.2 Clinical context
2.2.1 Breast cancer epidemiology
Cancer is one of the main causes of mortality worldwide. In 2008, 8 million
deaths were recorded as a result of malignant cancer diseases. This rate
is estimated to reach 11 million by 2030 [99]. Today, breast cancer is the
most common cancer among women and the second-leading cause of death
among them. According to the World Health Organization (WHO), it im-
pacts 2.1 million women each year. Even though it is often thought of as
something which only affects women, breast cancer can harm men as well
but accounting for less than 1% of all cases of breast cancers [142].
Several factors contribute to the occurrence of this disease [92]. They
mainly include the gender, the age, the genetic mutations (BRCA1 and
BRCA2), the family history of breast cancer, the high breast tissue density,
the late age at first full-term pregnancy (> 30 years), the early menar-
che and/or late menopause, the smoking and the alcohol consumption,
the lifestyle and the environment. Although breast cancer exists anywhere
throughout the world, its incidence, mortality and survival rates vary con-
siderably among different regions. For instance, the incidence rate of breast
varies from 27 per 100, 000 people in Middle Africa and East Asia to 96 per
100, 000 people in Western Europe [59]. The incidence rate of breast cancer
is estimated to reach 3.2 million by 2050 [70]. While the prevalence of new
cases of breast cancer seems to be higher in developed countries, the less
developed ones have the higher mortality rates in breast cancer [64]. In fact,
the mortality rate of breast cancer in the world is estimated to be 12.9 per
100, 000 people. It varies from 6 cases per 100, 000 people in East Asia while
presenting 20 cases per 100, 000 people in Western Africa [76].
Despite those daunting numbers of the mortality rate by breast cancer,
early screening and diagnosis can make a life-changing shift in these statis-
tics. While screening consists of identifying the disease before any symptoms
appear, diagnosis focuses on providing access to treating the disease. Thus,
the goal is to increase the proportions of breast cancers identified at an early
stage to allow more effective treatment to be deployed and to reduce drasti-
cally the risks of death by breast cancer. In this context, imaging techniques
have a crucial role to play, for both screening and diagnosis. Actually, about
90% of cases can be cured, as soon as the breast cancer is diagnosed at an
early stage [125].
2.2.2 Imaging modalities for breast cancer screening
Today, x-ray mammography is recognized as the most effective technique for
breast cancer detection at an early stage. It has demonstrated a decrease
in mortality among screened women up to 40% [65]. This modality, also
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known as Full Field Digital Mammography (FFDM), is a two-dimensional
(2D) x-ray imaging technique. As depicted in Figure 2.1(a), during the
image acquisition, the breast is compressed between the compression paddle
and the detector. The compression is important for several reasons [80] :
• It evens out the breast thickness so all of the tissue can be visualized
using a detector presenting a limited dynamic in exposure.
• It allows a lower x-ray dose delivered to the breast since a thinner
amount of breast tissue is being imaged.
• It reduces motion-based blur as well as x-ray scatter which increases
sharpness of the image.
Once the breast is well positioned, x-rays are emitted from the x-ray tube
to be transmitted through or absorbed by the breast tissue. The detector
then converts the reached x-rays to digital information.
(a) (b)
Figure 2.1: (a) A schematic of a mammography image acquisition. (b)
Example of an acquired image from the imaging system.
The pixels values of the obtained projection image, as shown in Fig-
ure 2.1(b), follow the Beer-Lambert law which denotes the link between the
attenuation of x-ray photons, the thickness and the linear attenuation coef-
ficient of the breast tissue. Assuming a monochromatic x-ray spectrum, the
mathematical formulation of Beer-Lambert law is









where L(x, y) denotes the x-ray beam path between the x-ray source and the
2D position (x, y) on the detector, I0 is the x-ray photon intensity incident
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upon the breast, I(x, y) is the x-ray photon intensity at the position (x, y).
Finally, µ(r) represents the linear attenuation coefficient of the breast tis-
sue material along the x-ray path. Typically, the breast is composed by
fibroglandular tissue and adipose tissue with different attenuation proper-
ties each. Indeed, the fibroglandular one tends to absorb more x-ray photons
and translate to white areas in the image. Meanwhile, the adipose tissue
permits more of the transmission of x-ray photons which translate to darker
areas in the mammographic image as illustrated in Figure 2.1(b).
Although FFDM has for long been accepted as the gold standard for
screening and early detection of breast cancer, its sensitivity is far from
perfect. It ranges from 47.8% to 98% with highly dense fibroglandular tis-
sue presenting the main encumbrance to detection [77]. In this context,
supplemental modalities are considered in the clinical routine in order to
alleviate this limitation. Breast ultrasound (U/S) has proved its utility for
women with dense breast tissue [128]. In fact, the accuracy of detecting
breast cancers occulted on mammography using U/S is unaffected by breast
tissue density [15, 11]. Furthermore, U/S has been proven to be effective in
distinguishing cystic from solid masses. It allows also determining the suspi-
cion of the solid masses and whether a biopsy is needed or not [121, 143, 7].
Unlike x-rays imaging, ultrasound is an imaging technique based on the ap-
plication of sound waves, i.e. not radiation, for producing images of the
internal breast structures. In particular, this technique uses waves which
frequencies are above the upper limit of human hearing, called ultrasound,
and are able to penetrate biological tissues (at least 1 MHz) [57]. To obtain
the image, first a gel is interposed between the U/S probe and the part of
the skin of the breast to be diagnosed. The probe is then moved in multiple
directions, with an adequate pressure that makes the U/S usually painless.
The waves are variably reflected as echoes by the breast tissues. These re-
flected echoes are received by the probe and forwarded as electronic signals
to a computer system that finally generates the images. Even though U/S
is more accessible and cost-effective compared to mammography, it is dis-
couraged to perform screening with U/S alone. Indeed, it may not detect
efficiently clusters of microcalcifications some of which being an early sign
of breast cancer. Furthermore, it generates relatively higher number of false
positives compared to FFDM [48, 14, 15] yielding to undesirable negative
biopsies. Overall, it has not been shown to reduce mortality from breast
cancer when used as stand-alone modality. Yet, it may be considered as an
adjunct to mammography in asymptotic women for a specific category, i.e.
women with dense breasts, despite the high false positive rate.
Other additional modalities to mammography for the screening of high-
risk women are the functional-based techniques. They are based on high-
lighting the blood vessels developed around the tumor. These blood vessels
supply the tumor with oxygen and nutrients to sustain its growth. Thus,
defined as tumor angiogenesis, it begins at the earliest stages of tumor de-
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velopment. Therefore, imaging this proliferation would enable the detection
and the characterization of breast cancer early. In this context, contrast-
enhanced magnetic resonance imaging (CE-MRI) is one of the functional
imaging techniques. The injection of a gadolinium-based contrast product
enables the tracking of the uptake of the contrast agent in the lesions. In
particular, the morphology and the kinetic profile of the contrast uptake
allows the distinction between malignant lesions from the benign ones [82].
Therefore, it has been shown in several studies that MRI allowed to iden-
tify earlier stage disease than mammography and that combining MRI and
mammography is linked to decreased mortality rate [89]. Yet, MRI is af-
fected by its high cost, reduced accessibility and a significant rate of false
positives.
An additional functional-based modality worth mentioning is Contrast
Enhanced Spectral Mammography (CESM). As is the case with FFDM,
CESM is a 2D x-ray imaging technique. Yet, its routine is very different
from FFDM [83]. First, the patient is injected with iodinated contrast agent.
After letting the iodine diffuse for some time, the breast is compressed.
Then, two images of the breast are acquired with different x-ray spectra.
One of them is located below the discontinuity K of iodine denoted as low-
energy (LE) spectrum and the other one is located above it, defined as
high-energy (HE) spectrum. Finally, the iodine-enhanced image is obtained
by recombining the acquired dual-energy images. The feasibility of CESM
was shown in 2003 [83] and became commercially available in 2010 through
the introduction of SenoBright application (GE Healthcare; Chicago, IL,
USA). Several studies have shown the superiority of CESM over FFDM [133]
especially for patients with dense breasts. [74].
In a nutshell, supplemental modalities may be recommended in addition
to FFDM, depending on the patient case and the radiologist decision. We
recall that the first task of the radiologist when reading mammograms in
the context of a breast cancer screening exam is to detect signs that may
indicate the presence of a breast cancer. Hence, when reading mammogra-
phy images, the radiologist searches for specific radiological findings which
will be detailed in the next section.
2.2.3 Radiological findings in mammography images
The mammographic images allow to spotlight anomalies which, depending
on their morphology, their number, their distribution and their evolution in
time, imply a diagnosis of benign pathology or cancer. Hence, their detection
and characterization are of great importance to decide recalling or not the
woman during the screening phase, or deciding for a biopsy and providing
the right treatment during the diagnostic phase. Radiologists are commonly
using the BI-RADS (Breast Imaging Reporting and Database System) ter-
minology established by the ACR (American College of Radiology) to de-
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scribe the main characteristics of the detected findings, as summarized in
Table 2.1.






Architectural distorsion distorted parenchyma with no visible mass




4. fine linear or fine linear branching
Distribution diffuse-regional-grouped-linear-segmental
In BI-RADS terminology, a mass is a lesion occupying a 3D space seen in
two different projections. If a potential mass is seen in a single projection, it
should be called an ’asymmetry’ until its three-dimensionality is confirmed.
The shape of a mass correlates with the level of malignancy of the lesion. The
more irregular is the mass, the higher is the probability of a cancer. A mass
with well-circumscribed edges has a low probability being related to a cancer,
while spiculated edges are strongly indicative of a cancer. Furthermore, the
density of the mass is also an indicator of the level of malignancy of the
lesion.
Contrary to masses, asymmetries lack convex outward borders and con-
spicuity as found in masses, according to BI-RADS third edition [144]. When
such potential abnormality is detected, it is important to determine first
whether it is really three dimensionally or just a projection of superimposed
normal structures. Then, additional incidence with comparison with the
opposite side of the breast are typically required for a better evaluation.
Architectural distortions correspond to a deviation, disharmony or rup-
ture in the distribution of the conjunctivo-glandular dense tissue. They
are associated to fibrous lesions which are generally difficult to detect (not
visible enough and of small size). They may be detected by comparing the
content in left and right breast images, or between current and prior images.
On histological examination, 50 to 80% of breast cancers have calcifi-
cations [72]. The latter ones are due to central necrosis, defined as a form
of cell injury which results in the premature death of cells in living tissue,
or secretions of malignant cells. Therefore, the detection of calcifications
in mammography is of crucial importance for the early detection of breast
cancers. Despite the relative high contrast of calcifications compared to the
breast tissue, due to their high x-ray attenuation properties, their detection
is difficult when they are of small size. In order to improve detectability,
the radiologist resorts to different practices such as zooming or adjusting
brightness and contrast of the images, acquiring magnified views to increase
contrast and spatial resolution in order to visualize more calcifications and
to better characterize their shape. Three important features are considered
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to determine the malignancy of calcifications:
• The size
• The morphology
• The distribution in the breast
Based on the size, calcifications are either denoted macrocalcifications if
their diameter is larger than 0.5 cm or microcalcifications if their diameter
is less than 0.5 cm. Typically, macrocalcifications are benign while microcal-
cifications can be either benign or malignant according to their morphology
as well as their distribution. Concerning the morphology, it remains the
most important factor in differentiation between benign and malignant cal-
cifications as illustrated in Figure 2.2 and 2.3 respectively.
(a) (b) (c) (d)
(e) (f) (g) (h)
Figure 2.2: Examples of typically benign calcifications [105].(a) Round. (b)
Skin. (c) Vascular. (d) Coarse or popcorn-like. (e) Rim. (f) Dystrophic.
(g) Milk of calcium. (h) Suture.
(a) (b) (c) (d)
Figure 2.3: Examples of calcifications with suspicious morphology [105].(a)
Coarse heterogeneous. (b) Amorphous. (c) Fine pleomorphic. (d) Fine
linear or fine linear-branching.
Moreover, based on their distribution and number, the clustered ar-
rangements are more or less suspicious. In the BI-RADS atlas, different
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distributions are provided, as shown in Figure 2.4. Hereunder, the descrip-
tion of the arrangements are depicted, according to their increased risk of
malignancy:
1. Diffuse : distributed randomly throughout the breast.
2. Regional : occupying a large portion of breast tissue > 2 cm.
3. Grouped (historically cluster) : few calcifications occupying a
small portion of breast tissue; lower limit 5 calcifications within 1 cm
and upper limit a larger number of calcifications within 2 cm.
4. Linear : arranged in a line, which suggests deposits in a duct.
5. Segmental : suggests deposits in a duct or in ducts and their
branches.
Figure 2.4: Examples of different microcalcification distributions (BI-
RADS for mammography and ultrasound 2013).
One can thus understand that detection is a difficult task in mammog-
raphy due to the large variability of radiological findings in size, shape and
contrast. In particular, detection of microcalcifications is challenging due to
their small size but also because they can be obscured by the breast tissues
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especially in women with dense breasts. In this context, Section 2.2.4 is
dedicated to discussing the impact of breast density on microcalcification
detectability.
2.2.4 Impact of breast density on mammography performance
Besides the fact that detecting the radiological findings remains in itself a
sensitive task for the radiologist, the breast density can impact the mam-
mography performance, especially when it comes to microcalcification de-
tectability. In the BI-RADS terminology, the breast density is classified
into four categories as illustrated in Figure 2.5, according to their increased
density [105].
• BI-RADS a: almost entirely fatty.
• BI-RADS b: there are scattered areas of fibroglandular density.
• BI-RADS c: the breasts are heterogeneously dense, which may obscure
small masses.
• BI-RADS d: the breasts are extremely dense, which lowers the sensi-
tivity of mammography.
(a) (b) (c) (d)
Figure 2.5: BI-RADS classification of breast density in mammography
images : (a) almost entirely fatty. (b) scattered fibroglandular. (c) hetero-
geneously dense. (d) extremely dense.
Breast density describes the amount of the fibroglandular tissue compared
to the amount of the fatty tissue in the breast on a mammogram. Typ-
ically, the breast density is measured through a visual assessment by the
radiologist when reviewing the mammogram [6]. The radiologist relies on
the BI-RADS categorization, where she/he assigns mammograms to one of
the four aforementioned classes.
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So, the denser the breast, the greater the amount of fibroglandular breast
tissue in the breast. This is illustrated in Figure 2.5 ranging from (a) to
(d) with respect to the increased amount of fibroglandular breast tissue.
Furthermore, the denser the breast, the poorer the sensitivity in FFDM.
This is primarily explained by potentially occulting the lesions, especially
microcalcifications, by the fibroglandular tissue [63]. One can infer that it
is harder to detect microcalcifications in dense and textured breasts (i.e.,
BI-RADS c and d, illustrated in Figure 2.5(c) and (d) respectively).
Henceforth, microcalcification detection task is simultaneously impor-
tant and very challenging when breast cancer screening is performed. This
task is crucial since microcalcifications might be a sign of breast cancer
when grouped and presenting some specific morphological and densiometric
characteristic. Yet, it is very challenging due to the small size of microcal-
cifications and their low contrast when superimposed to dense areas of the
breast. Our research work will be particularly focused in the enhancement
of the detectability of microcalcifications. More precisely, we aim to im-
prove this task in the recent modality called Digital Breast Tomosynthesis
(DBT) which was introduced to curb the limitations of FFDM. Section 2.3
will be dedicated to thoroughly present DBT, explain its main features and
advantages over FFDM thereby discussing its impact on microcalcification
detectability. Finally, a presentation of the main contributions of this re-
search work will be provided.
§ 2.3 Digital Breast Tomosynthesis (DBT)
2.3.1 Limitations of x-ray mammography
Even though x-ray mammography remains the current modality of choice
for breast cancer screening and diagnosis, the detection may not be accurate
enough, particularly for women with highly dense breasts. As explained in
section 2.2.2, in a conventional FFDM exam of the breast, two x-ray images,
from top-to-bottom (which corresponds to Cranio-Caudal (CC) view as in
Figure 2.6(a)) and from angled side-to-side (which corresponds to Medio-
lateral oblique (MLO) as in Figure 2.6(b)), are acquired while the breast
is compressed between the compression paddle and the detector. The ac-
quisition of a projected view of the breast, as in FFDM, implies the su-
perimposition of breast tissues which is the primary limitation of FFDM
senstivity. The superimposition of tissues can reduce the visibility of le-
sions present in the breast or even completely occult them. This effect leads
to a false negative (FN) error, that is the mammogram looks normal even
though breast cancer is present [23]. This results in a lower detection rate
in DBT than in FFDM [77]. The superimpostion of breast tissues may also
generate structures that can mislead the radiological interpretations. For
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instance, the overlapping of normal fibrosis tissue may mimic radiological
findings and may lead to a false positive (FP) diagnosis [26]. This can result
in undesirable recalls of women for further diagnostic tests, impelling to an
increased patient anxiety [96].
Figure 2.6: (a) Cranio-caudal (CC) view (from top-to-bottom). (b) Medi-
olateral oblique (MLO) view (from angled side-to-side).
2.3.2 Advantages of DBT over x-ray mammography
Digital Breast tomosynthesis (DBT) was designed to partially alleviate the
aforementioned major limitation of FFDM, induced by the tissue overlap.
The acquisition geometry is very similar to that used in mammography,
but with DBT, several projections of the breast are acquired enabling the
reconstruction of a stack of images parallel to the detector plane correspond-
ing to breast slices. During the acquisition process, the x-ray tube moves
along an arc around the breast with a limited angular aperture, typically
from 11° to 50°, whilst the detector remains stationary. A limited num-
ber of low-dose projection images are acquired so that the total dose to the
patient is still comparable to the one in FFDM. In DBT, the number of pro-
jection images varies from 9 to 25 depending on the imaging system [120].
These two-dimensional projection images are then reconstructed, using a
reconstruction algorithm, into a three-dimensional volume. Herein, the re-
construction algorithm is tailored so that it estimates the 3D distribution of
the breast tissues using the projection images as the input data. Thus, the
resulting volume consists of slices that present less superimposition of tissues
compared to a standard x-ray mammography. A schematic of a DBT acqui-
sition and an example of a reconstructed tomosynthesis volume is provided
in Figure 2.7.
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Figure 2.7: A schematic of DBT acquisition process and reconstruction.
Since DBT projections are acquired over a limited angular aperture, the
DBT volume has a high isotropic resolution in the planes parallel to the
detector and a much lower resolution in the perpendicular direction, i.e. the
depth direction. It is worth mentioning that the in-plane resolution of the
DBT slices is limited by the detector resolution. Due to the 3D nature of
the DBT reconstructed volume, DBT has the potential to help reducing
recall rates, improve the accuracy of breast cancer detection, and therefore
improve the clinical performance particularly in dense breasts.
During the last decade, the current DBT systems have achieved sig-
nificantly improved results towards greater acceptance of DBT as a viable
alternative to conventional mammography. Several clinical studies have
demonstrated that using DBT in stand-alone or DBT combined with FFDM
for breast cancer screening results in an improvement of cancer detection
rate and a decrease in false positive recall rate compared to FFDM alone.
Thanks to the reduction of breast tissue overlapping, a better visibility and
depiction of radiological findings are enabled. In this context, some studies
have shown that DBT should enable a better differentiation between benign
and malignant lesions [107]. Other comparative studies have demonstrated
that lesions are better depicted in DBT which should enable more affirma-
tive interpretations. This holds in particular for masses and architectural
distortions in dense breasts [90, 24]. Furthermore, DBT provides a more
accurate lesion localization [9].
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(a)
(b)
Figure 2.8: (a) A schematic of a limited angular aperture resulting in a
low depth resolution. (b) A schematic of a larger angular aperture resulting
in a high depth resolution.
Compared to standard mammography, DBT acquisition involves several
additional parameters. The most important ones are those who defines the
acquisition geometry of DBT, notably:
• The angular aperture covered by x-ray tube,
• The number of projections,
• The angular distribution of projections.
These parameters highly impact the resulting image quality and thus
the performance of the clinical task. Current tomosynthesis systems use
different geometrical parameters which shows the great complexity involved
in optimizing these parameters.
It is expected that maximizing the angular aperture improves the depth
resolution as illustrated in Figure 2.8(b). Not only lesions will be brought
into a clear focus plane but also they will be better defined in the depth direc-
tion. However, it is worth mentioning that larger angular range may require
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a longer acquisition time. This may result into more blur due to patient
motion which can impact the overall image quality. Besides, decreasing the
angular aperture would result in a lower depth resolution which may then
reduce the visibility of lesions, as in slices shown in Figure 2.8(a). Yet, it
has the advantage to enable a more acceptable acquisition time in DBT.
(a) (b)
Figure 2.9: Examples of replication artifacts in DBT reconstruction.(a)
Reconstructed DBT slice containing in-plane structure. (b) An adjacent
reconstructed DBT slice containing an out-of-plane (cross-section of repli-
cation artifact) artifact.
Increasing the number of projections and the angular range would result
in a higher image quality. Nevertheless, increasing the number of projec-
tions is limited by the total exposure available for all the projections. This
means that a higher number of projections will require the reduction of the
exposure per projection. Hence, it will lead to lower signal-to-noise ratio
in each projection and will result to a higher relative contribution of the
detector electronic noise per projection. Furthermore, the distribution of
the projections under a given angular aperture can result in out-of-plane ar-
tifacts or so-called replication artifacts. These latter are the most common
artifacts in DBT. They present a replication of high-attenuation objects
in every DBT reconstructed slice except for the slice in which the object
is located [118, 119]. So, the fewer the number of projections, the more
out-of-plane artifacts. An illustration of these artifacts is provided in Fig-
ure 2.9(b) presenting replications of structures originally located in a focal
slice (as respectively depicted in Figure 2.9(a)). In DBT, several postpro-
cessing algorithms have been developed for the purpose of removing these
artifacts [138, 71].
2.3.3 Image review in DBT and its impact on microcalcifica-
tion detectability performance
In contrast to the superiority of DBT over FFDM in terms of mass and ar-
chitectural distortion detectability, microcalcification detectability remains
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undoubtfully one of the limitations to be improved in DBT. Microcalcifi-
cations are harder to detect due to their characteristics and the impact of
breast density on microcalcification detectability as detailed in Section 2.2.3
and 2.2.4 respectively. Therefore, a more comprehensive study of DBT is
needed to better seize opportunities for improvement.
Several research studies have compared DBT with FFDM regarding mi-
crocalcification detection. Some of them have demonstrated that DBT was
worse than FFDM, for accomplishing the aformentioned clinical task [129].
Others have shown that the results were comparable between DBT and
FFDM [97, 113], or even DBT was better than FFDM [81, 53]. These dif-
ferent conclusions, may be explained by four major factors:
• The different inherent parameters of DBT acquisition systems,
• The different reconstruction algorithm,
• The different rendering of the reconstructed DBT volume,
• The different interpretative skills of the readers.
First, DBT image acquisition can be performed with a step-and-shoot
or continuous motion of the x-ray tube. This can impact the level of blur in
the acquired projections. Second, the acquisition time can differ depending
on the angular aperture and the number of projections which can result in
patient motion-based blur in the acquired projections. The reconstruction
algorithms were also different in these studies which shows that it is one of
the most important features impacting the microcalcification detectability
in DBT. The inter-reader differences in such a clinical task may influence
the error rates. Interpreting a DBT exam requires scrolling through and
analyzing the DBT slices. Their number depends on the breast thickness.
Since DBT is not yet approved as stand-alone, DBT exam typically com-
bines reviewing DBT images and 2D mammography. Thereby compared to
FFDM exam, it is not surprising that the interpretation time for each case
is increased since there are more images to be reviewed. Thence, the needed
extra time should be taken into consideration while processing DBT vol-
umes. This is at the aim of easing the microcalcifications detectability task
for the radiologist. So, it will significantly mitigate error rates in practice.
To reduce the review time, thicker slabs may be a potential alternative
to slices in DBT volumes. To compute one slab, a number of reconstructed
slices are combined, or “slabbed”, along the depth-direction. Therefore,
the reader can scroll through a lower number of images during the DBT
exam. The combining process can be performed, for example, by average
intensity projection (AIP) approach or maximum intensity projection (MIP)
method [55]. AIP approach tends to smooth images in the depth-direction,
which lowers the noise level but also the contrast of small structures as
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microcalcifications. On the other hand, both noise and visibility of micro-
calcifications increase with MIP technique. Groups of microcalcifications
are better depicted in slabs as individual microcalcifications present in sepa-
rated slices are regrouped in slabs. Each slice can be used in more than one
slab, enabling a smoother transition when sifting through the DBT volume.
Although DBT acquisitions are low in dose, a combination of 2D mam-
mography and DBT in a single exam increases patient radiation exposure.
A potential method that has been recently developed to reduce the overall
dose delivered to the patients and to reduce the reading time of DBT im-
ages is the creation of a 2D synthetic view of DBT volumes. Synthetized
2D mammography are constructed from the DBT images by applying a
MIP-like algorithm that aims at condensing the DBT slices into a single 2D
image.
The developed algorithms used to create synthetized 2D mammogra-
phy are tailored to preserve small structures such as microcalcifications or
spicules, which may sometimes be better visible compared with standard 2D
mammography [69]. The 2D nature of synthetized mammography has the
advantage of giving an overview of the breast, enabling to compare with pre-
vious exams, and particularly detecting cluster of microcalcifications which
are generally not entirely located in a single DBT slice. Even though Food
and Drug Administration (FDA) has approved synthetized 2D mammogra-
phy since 2013 [69], it is not yet considered as a stand-alone substitution
of 2D standard mammography. While several clinical studies have shown
that no significant differences were noted in terms of recall rates, cancer
detection, and diagnostic accuracy when combining synthetized 2D mam-
mography and DBT compared with combining conventional FFDM with
DBT [126, 34], further developing of more efficient algorithms is needed for
synthetized 2D mammography.
To sum up, the shortcomings of FFDM have led to a stronger interest to
DBT. As discussed before, DBT provides a 3D volume with less breast tis-
sues overlapping that enables a better detectability of radiological findings
compared to FFDM. Due to the several aforementioned reasons, no con-
sensus is inferred on microcalcification detectability performance with DBT
when used as a stand-alone modality compared with FFDM. The introduc-
tion of slabs and synthetized 2D mammography in the clinical use may have a
great potential towards an increased acceptance of DBT combined with syn-
thetized 2D mammography as a viable alternative to FFDM. Today, several
issues are remaining, thereby providing opportunities for further research.
If DBT performance is at least as effective as FFDM in microcalcification
detection, one of the primary aims of the research should be to address the
rendering of DBT volume such that it would efficiently impact reviewing
DBT images hence improves the radiologist performance. It seems that
the screening interpretive process requires visual pattern recognition when
scanning a high volume of images. Therefore, enhancing microcalcification
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detectability in DBT requires the integration of the radiologist performance
associated to microcalcification detectability in the reconstruction procedure
of DBT volumes. One can infer that the reconstruction algorithm plays a
key role in this context. A new formulation of a reconstruction algorithm
based on the microcalcification detectability task, considered as the clinical
task to be improved in DBT, should be further investigated. Section 2.4
will discuss state of the art reconstruction approach in DBT and present
the motivation of the contribution of this work.
§ 2.4 Inverse problem approaches in image re-
construction
The objective of DBT reconstruction is to recover the volumetric distribution
of linear attenuation coefficients µ(r) from the measured log-projections at
various angles. These measurements are modeled, by developing the Beer-
Lambert’s law setting (equation (2.1)), by integrals along lines that reads







where Lθ(x, y) denotes the x-ray beam path between the x-ray source and
the position (x, y) on the detector under the angle of view θ. Iθ(x, y) is
the x-ray photon intensity at the position (x, y) on the detector under the
angle of view θ and pθ(x, y) is the measurement of the log-projection at
the position (x, y) under the angle θ. Various approaches were developed
to analytically or iteratively resolve the inversion of equation (2.2). In this
section, several reconstruction methods will be briefly reviewed.
2.4.1 Analytical methods : Filtered Back-Projection (FBP)
Analytical methods are based on the mathematical inversion of equation (2.2),
which is equivalent to the Radon Transform. Filtered backprojection is the
most commonly known analytical algorithm for DBT [119]. Its name comes
from the fact that this method involves two steps : a filtering step and a
backprojection step. The backprojection step is based on the traditional
Shift-and-Add (SAA) algorithm [103]. Mathematically, the backprojection
is the transpose operator of a forward projection which is based on a dis-
cretization of the continuous operator of Radon Transform, while incorpo-
rating the DBT imaging geometry. More precisely, it consists in smearing
back the line integrals to the 3D voxelized volume, by analyzing the breast
structures displacement in the projections.
With the setup of DBT acquiring very limited projections, the Fourier
domain of the imaged breast is sampled such that the low frequencies are
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sampled much more densely than the high ones. This explains why a simple
backprojection results in a blurry reconstruction. The filtering phase con-
sists in applying well-designed filters to the projection data with the aim of
sharpening details while reducing the noise [54, 119]. In practice, the filter-
ing phase is performed before the backprojection since it is computationally
more efficient and it can drastically impact the quality of the reconstruc-
tion [119]. A schematic of the difference between simple backprojection and
filtered backprojection is depicted in Figure 2.10(a) and (b) respectively.
(a) (b)
Figure 2.10: A schematic of the difference between simple backprojection
and filtered backprojection reconstruction. (a) Simple backprojection result-
ing in a blurry version of the original image. (b) Filtered backprojection
resulting in reduced blurs seen in the simple backprojection method.[127]
Limits of the analytical methods :
Reconstruction with FBP method requires that the discrete projection
operator accurately represents the continuous operator of Radon Transform.
Some authors have shown that the number of projections should be roughly





where Mproj denotes the number of projections and Nrays is the number
of rays per projection. Equation (2.3) can be seen as a consequence of the
Shannon-Nyquist sampling criterion. In practice, Mproj ≈ Nrays may be
roughly sufficient in most cases without causing subsampling artifacts. How-
ever, in DBT, the reconstruction volume involves a highly limited number of
projections, i.e. Mproj ≪ Nrays, due to several experimental constraints (ra-
diation dose concern, design of the imaging system, etc.). This violates the
Shannon-Nyquist sampling criterion. Moreover, more advanced methods are
required to improve the Signal to Noise Ratio (SNR) of the reconstructed
volumes in case of projections with low SNR. This explains the interest of
the research community for iterative reconstruction approaches.
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projections. At the expense of slower convergence, SIRT leads usually to a
better reconstruction than the one obtained by the ART method.
Though ART-based iterative methods may present many advantages,
they may not be ideally suitable for DBT reconstruction. In fact, these it-
erative algorithms are designed for reconstruction problems from complete
acquired projections data. Conversely, the acquired projections are highly
incomplete in DBT which yields to one among many solutions of equa-
tion (2.4), due to the under-determination of the reconstruction problem.
Therefore, more advanced methods should be considered to alleviate the
missing information issue in which ART-based methods make little effort. In
this context, algorithms based on the minimization of an objective function
including constraints and regularization, usually offers a good alternative.
2.4.3 Least square estimation
From a mathematical point of view, the reconstruction of the volume im-
age from DBT measurements is a special instance of linear inverse prob-
lem. Beer-Lambert’s law modelling the x-ray transmission process (equa-
tion (2.2)) leads to the following linear forward projector with a noise model
p = Ad+ e (2.5)
where p ∈ Rn is a vector derived from the acquired projections, d ∈ Rm is
a vector representing the DBT volume to be reconstructed, A ∈ Rn×m is
the forward projection matrix describing the geometry of the DBT system,
and e ∈ Rn is assumed to be a realization of a zero-mean white Gaussian
noise. Then the probability of observing the acquired projections p given











where µP |D=d(p) denotes the likelihood for observing p given d, and σ as-
sumed to be the noise standard deviation. Thence, the Maximum Likelihood
(ML) algorithm aims at maximizing the quantity (2.6) with respect to the
unknown volume d, so that the acquired projections p correspond to the most
probable observed signal. By applying the negative logarithm on (2.6), we
obtain a quadratic term related to the data fidelity term as following:
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Note that in equation (2.8) the multiplicative factors involving σ are sim-
plified, since they do not depend on d. So by developing the minimization
problem 2.8, we obtain the least square solution under the following closed-
form formula,
d = (A⊤A)−1A⊤p (2.9)
The solution obtained in equation (2.9) to recover d is nothing but a least-
square solution. Nevertheless, the latter one is never computed directly since
the matrix (A⊤A) is often ill-conditioned or even not invertible, thereby an
efficient regularization strategy is needed.
Even though several efficient algorithms are provided to solve the latter
minimization problem, the least square solution likely yields to a noisy DBT
reconstruction. This is due to the ill-conditioning of the projection matrix A
where the noise tends to be amplified even if it is present in tiny amounts in
the input projections data. The key is to modify equation (2.8) such that the
solution to the new problem is less sensitive to the perturbations. To this
end, several research studies have investigated regularized reconstruction
approaches which will be further detailed in Section 2.4.4.
2.4.4 Regularized reconstruction approach
As already stated, the least square estimation is related to the maximum
likelihood (ML) estimate given a noise model. It does not take into consider-
ation any prior knowledge on the latent space, which is the volume space in
DBT context. Although problem (2.8) is well-posed in Hadamard sense [67]
(i.e. the solution exists, is unique, and depends continuously on the input
data), the ill-conditioning of the operator A makes the computation of the
solution d sensitive to perturbations in the input data p. Henceforth, a
regularization should be considered, incorporating prior knowledge on the
solution whereby computing a Maximum A Posteriori (MAP) solution rather
than the ML one. In DBT, MAP methods aim at maximizing the posterior
probability density of the unknown volume d given the projections p under
the Bayesian setting,
p(d | p) = p(p | d)p(d)
p(p)
∝ p(p | d)p(d) (2.10)
where p(d | p) denotes the posterior probability density, p(p | d) is the
likelihood of observing the projections p knowing the volume d and p(d) is
the prior probability corresponding to the prior knowledge on d. In the same
manner than for ML solution, maximizing equation (2.10) is equivalent to
minimizing the negative log-likelihood which entails to solving the following





‖Ad− p‖+ g(d). (2.11)
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where the first term denotes the data fidelity term that measures the dis-
tance between the projections issued from the solution Ad and the acquired
projections p. Herein, g represents a function that encodes prior knowledge
on the solution. In other terms, the first term in problem (2.11) is based on
the noise model and g is based on the prior knowledge in the latent space.
So, the MAP solution is a trade-off between the likelihood to the observed
projections p and the prior knowledge on the unknown volume d. Thence, a
potential strategy to improve DBT reconstruction is to solve the regularized
problem (2.11) satisfying these requirements:
• Well-posed in Hadamard sense [67],
• Consistent with the original problem which means that the solution
should belong to the solution space of the original problem,
• Reaching a reasonable trade-off between computational complexity
and solution quality.
Several research studies have investigated different regularization func-
tions to improve the overall image quality in DBT or likewise in limited
view reconstruction [132, 49]. Among the proposed regularization func-
tions, total variation regularization [122, 124, 111], total p variation regu-
larization [123, 124], joint entropy regularization [134], adaptive diffusion
regularization [87]. Note that these regularizations will be further discussed
in Section 4.9.
Even though these regularization functions may provide a certain trade-
off in terms of image quality in DBT, they do not account for a specific clin-
ical task such as the microcalcification detectability as explained in Section
2.3.3. More precisely, the radiologist performance associated to microcalcifi-
cation detection while reviewing DBT volumes has not been directly formal-
ized in the reconstruction procedure of DBT images, so far. In this context,
the advantage of regularized approaches as detailed in problem (2.11) is to
integrate regularization functions encoding some relevant prior knowledge
in the latent space, tailored for a specific task. Henceforth, modeling novel
prior terms based on the aforementioned clinical task and integrate them in
a regularized iterative reconstruction approach will be the core contribution
of our research work.
§ 2.5 Summary
While DBT demonstrated its clinical superiority over FFDM, its perfor-
mance in terms of microcalcification detectability did not yet reached con-
sensus in the medical community. Microcalcification detection is a very
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challenging task due to their small size and their potential relative low con-
trast in dense areas of the breast. In addition, DBT presents geometric
limitations partially addressed in iterative reconstruction algorithms.
In classic regularization approaches used in DBT reconstruction, such as
total-variation (TV), penalization cost functions are applied the same way
on each voxel of the reconstructed volume. In order to preserve contrast
and shape of microcalcifications while reducing the noise in other tissues, we
propose to reformulate the reconstruction method such as it maximizes the
clinical task (detection of microcalcifications) taking into consideration the
anatomical specificities within the breast. Instead of minimizing a discrep-
ancy function, we seek to minimize a penalized least squares cost function
encoding some clinically meaningful prior knowledge.
We will then establish a novel variational reconstruction framework in
DBT which aims at simultaneously enhancing the microcalcification de-
tectability performance and enabling a high quality restoration of the breast
tissues.
30 Chapter 2. Tomographic reconstruction and its application in DBT
- Chapter 3 -
A new approach for microcalcification
enhancement in DBT reconstruction
§ 3.1 Introduction
As mentioned in Section 2.3.3, the detection performance in breast cancer
screening highly depends on the ease for the radiologist to detect microcal-
cifications within the analyzed DBT images. We aim then at introducing a
new reconstruction procedure in order to help the radiologist for this task.
Hence, our DBT reconstruction method will be formulated to maximize
the microcalcification visibility. The detectability task can be efficiently
assessed by using anthropomorphic model observers [135, 112]. Anthropo-
morphic model observers refer to mathematical observer models that were
developed to assess image quality for a specific clinical task [12]. These ob-
servers mimic the human observer for such a task, in contrast with ideal
observers (IOs) which assume a full knowledge of the statistics of the im-
age [109]. In essence, by applying an anthropomorphic model observer to a
given image, one would obtain as an output a scalar decision variable that
determines how detectable is the lesion for the radiologist. We will construct
our clinical-task based function by following this principle.
In this chapter, we first explain our proposed reconstruction approach
in DBT in Section 3.2. Then, we detail the construction of the clinical task
based a priori term used in this approach in Section 3.3. Finally, by incor-
porating the clinical term in an optimization framework, we will show the
potential interest of our method compared with standard DBT reconstruc-
tions on both clinical and physical phantom data in Section 3.4.
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§ 3.2 Reconstruction problem in DBT
3.2.1 Problem statement
A typical workflow that involves the lesion detection task in a context of
breast cancer screening using DBT is illustrated in Figure 3.1. This workflow
includes all the steps from data acquisition to detection task. Once the
DBT volume is reconstructed and post-processed, if needed, the radiologist
searches over the regions of interest within the DBT volume with multiple
eye movements fixating at points of interest. Then, (s)he decides whether
a group of microcalcifications is present or absent binary decision. There
are several downsides when performing these different steps independently
from each other. Within this configuration, each single step is prone to
introduce approximations that are not necessarily taken into consideration
by subsequent steps. In particular, the reconstruction step may not consider
the end clinical task performed by the radiologist. Most reconstruction
algorithms are focused on producing good image quality, but not images
enabling clinical performance improvement of the radiologist in a specific
task such as radiological finding detection.
Figure 3.1: Schematic of a typical workflow involving lesion detection task
in DBT. First row: raw data is acquired and pre-processed, resulting in log-
projections as detailed in equation (2.2). Second row: the pre-processed data
is used as input to a reconstruction algorithm then potentially followed by a
post-processing step, if needed, in the aim of delivering a DBT volume with a
sufficient image quality. Third row: The reconstructed DBT slices are used
by the radiologist to perform the clinical task.
It is therefore natural to be confronted with the question of how to
integrate the end clinical task in the reconstruction process to improve this
clinical performance. More precisely, the right question that should be asked
would merely be:
How to reformulate the reconstruction step when the screening involves
a human observer and a given clinical task ?
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four major steps :
1. Detecting the lesion, which is defined as the signal of interest, in the
considered DBT volume.
2. Defining the regions of interest (ROIs) that are occupied by the po-
tential detected lesion in the DBT volume.
3. Defining the detection task on the ROIs as a binary hypothesis test,
by mimicking the human observer.
4. Formulating the detectability function which will be incorporated as
an a priori term in an optimization framework of DBT reconstruction.
Figure 3.3: Detailed steps of modeling the clinical-task based a priori term.
In our context, the signal of interest is the microcalcifications and the
clinical task is their detection in the DBT volume. Following the steps in
Figure 3.3, we now provide a comprehensive explanation of the mathematical
formalism of the clinical task-based a priori term. For conciseness, we will
refer to clinical-task based a priori term as detectability function in the
following.
§ 3.3 Construction of the detectability func-
tion
3.3.1 Anthropomorphic mathematical observer as a model of
the clinical task
Let us consider a set of q vectors (ri)1≤i≤q of intensity values in regions of
interest from a volume d ∈ Rm where, for every i ∈ {1, ..., q}, ri ∈ Rk with
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k ≤ m, is the vector defining a zone where a microcalcification is potentially
present. For every i ∈ {1, . . . , q}, let us introduce the decimation operator
Si that extracts a region of interest ri from the volume d as follows:
Si : R
m → Rk
d 7→ ri = (dj)j∈Ii , (3.1)
where each Ii denotes the set of indices of k voxels related to each region
of interest ri. For simplicity, we will assume that these regions do not
overlap, i.e., ∀(i, j) ∈ {1, ..., q}2, Ii ∩ Ij = ∅ if i 6= j. By imposing this
condition, we will be able to avoid signal from background and signal with
signal overlapping. Concerning the first case, we enable a better recovery of
the detectability measure for the signal of interest (microcalcifications) in
our proposed detectability function. With the second one, we enable a more
robust separation between microcalcifications located in different regions of
interest.
Following the approach used in channelized Hotelling observer (CHO)
[112], itself an extension of Hotelling observer (HO) [12], each ri is channel-
ized into c discriminative features through a decomposition matrix U ∈ Rk×c
where each column denotes a single channel with size equal to the one of the
original region of interest. Thereby, we obtain a feature vector vi = U⊤ri
(Figure 3.4). The channelization process is crucial for two reasons. First,
it allows to simplify the computation complexity in HO by greatly reducing
the dimension of the input images when c≪ k, [100]. Second, it was demon-
strated that the channelization mechanism enables to model characteristics
of the human visual system in certain conditions by choosing adequate chan-
nel filters [108, 135, 68].
Figure 3.4: Detailed steps of the channelizing process. The first row
presents the vectorized volume d ∈ Rm. The second row denotes the ROIs
(ri)1≤i≤q with size k each, extracted using the decimation operator in (3.1).
The third row depicts the resulting feature vectors (vi)1≤i≤q when applying
the channelization process on the initial ROIs ((ri)1≤i≤q).
We are now ready to formulate our detectability criterion. Consider
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an index i ∈ {1, . . . , q}, and the associated vectors ri and vi. The de-
tection task can be expressed as a binary hypothesis test, defining H0 for
microcalcification-free signal and H1 the presence of a microcalcification.
More precisely, the following two statistical cases have to be distinguished
for ri: {
H0 : ri = bi + γi
H1 : ri = µi + bi + γi
(3.2)
where bi, µi, and γi are real-valued variables that model the background, the
signal of interest (i.e., microcalcification) and the noise, respectively. Under
the assumption of a zero-mean multivariate Gaussian noise, the detectability










Hereabove, p(vi | H1) (resp. p(vi | H0)) designate for the probability density
function of vi in the presence (resp. absence) of microcalcification, that read






(vi − U⊤(bi + µi))⊤Σ−1(vi − U⊤(bi + µi))
)






(vi − U⊤bi)⊤Σ−1(vi − U⊤bi)
)
(3.4)
where Σ denotes the covariance matrix of the channelized noise. In order to
compute this matrix, we need to estimate the sample means of the feature
vectors vi conditioned to both hypotheses. This enables the computation
of R in equation (3.3). It is worth noticing that computing the maximum
likelihood ratio for a single image is similar to computing the template of a
channelized model observer which is obtained by linear discriminant analysis
[60]. Let us consider two training datasets F0 and F1 with cardinalities t0
and t1 respectively:
F0 = {r̃j|H0 ∈ R
k | j ∈ {1, . . . , t0}}
F1 = {r̃j|H1 ∈ R
k | j ∈ {1, . . . , t1}},
(3.5)


























ṽj|Hℓ , ℓ ∈ {0, 1}. (3.8)
For practical simplicity, we can consider t1 = t0. As mentioned before
the channel mechanism enables the simplification of the computation of
the inverse of covariance matrix compared to HO by greatly reducing the
dimension of the training regions of interest [100] and requires fewer training
images than HO [139]. Now, based on expressions (3.2), we are able to













































Since the µi’s are fixed, the quantity to be maximized using (3.1) is














i. The last equality has been derived from the proper-
ties of the operators Si and the assumption that the ROIs do not overlap.
This yields our clinical-task based penalization term for the detectability of
the microcalcifications in any reconstructed volume d ∈ Rm. In practice,
the ROIs location as well as the signal of interest vector µ will be derived
from an intermediate reconstructed volume d∗ as detailed next.
3.3.2 Detection map based on a Computer-Aided Detection
approach
The evaluation of the proposed detectability function (3.11) requires the
construction of detection maps composed of :
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• The ROIs determining the location of potential microcalcifications,
• The signal of interest µ and the associated covariance matrix Σ. We
highlight that the signal of interest µ corresponds to the volume d in
which only the voxels of the ROIs µi are not equal to zero.
To this aim, a possibility is to resort to Computer-Aided Detection tools [41]
that have the ability to locate suspicious structures in a medical image. Fol-
lowing classical approaches which were developed to identify findings based
on their size [136], we implement our detectability function to be specifi-
cally suited to the detection of lesions with a size in a specific range. We
thus propose a strategy for the construction of signal µ, and the associated
regions of interest (Ii)1≤i≤q from a total-variation (TV) based reconstructed
volume. Note that TV amounts to a piecewise constant image [104], thus
yielding to a segmented volume in our context. Furthermore, the covariance
matrix Σ will be learnt using training datasets as described in Section 3.3.2.
Let detail the proposed approach for estimating the signal. In order
to build the signal µ, we rely on the resolution of a constrained optimiza-
tion problem where positivity and total-variation constraints are introduced.







where ∆ ∈ R3m×m is the discretized gradient operator along the 3 spatial
dimensions,
B1,2(0, ζ) = {δ ∈ R3m | ‖δ‖1,2 ≤ ζ}, (3.13)
‖ · ‖1,2 denotes the ℓ1,2 norm, and ζ > 0 is a preset constraint bound on the
total-variation of the volume.
The objective function in Problem (3.12) is convex, but it has to be
minimized under constraints. To solve this minimization problem, we resort
to a parallel forward-backward based Primal-Dual approach [78]. This ap-
proach presents the advantage of a reduced complexity per iteration since,
in particular, linear operator inversion is not required, while ensuring con-
vergence guarantees. Another lead advantage is that it can successfully be
applied in convex optimization problems involving both smooth and nons-
mooth functions. In the context of the resolution of Problem (3.12), we end
up with Algorithm 1, where the differentiable cost function is dealt with a
gradient step while a projection step is used to handle the constraint terms
(Jmax > 0 denotes the maximum iteration number). To benefit from the




f = ι[0,+∞[m ,
g = ιB1,2(0,η),
h = 12‖p−A · ‖2,
(3.14)
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where f is the positivity constraint function, g represents the TV constraint
function, and h is the data fidelity function. Hereabove, we have introduced
the indicator function of a subset C of a Hilbert space H which is defined
as follows:
∀d ∈ H, ιC(d) =
{
0 if d ∈ C,
+∞ otherwise.
(3.15)
Algorithm 1: General formulation of Parallel Forward-Backward
based Primal-Dual Algorithm for Problem (3.12)
1 Set λ ∈]0, 1], τ ∈]0,+∞[.
2 Compute σ using (3.19).
3 Set primal and dual variables: d(0) ∈ Rm, y(0) ∈ R3m
4 for j = 1, . . . , Jmax do
5 d̃(j) = proxτf (d
(j) − τ(∇h(d(j)) + ∆⊤y(j)))
6 d(j+1) = d(j) + λ(d̃(j) − d(j))
7 ỹ(j) = proxσg∗(y
(j) + σ∆(2d̃(j) − d(j)))
8 y(j+1) = y(j) + λ(ỹ(j) − y(j))
9 end
In order to implement our algorithm, we need to apply the proximity oper-
ators of f and g functions (here equivalent to projecting over the constraint
sets), while we perform a gradient step for h function.
We recall that the proximity operator [78] of a proper, convex, lower semi-
continuous function f : Rm →]−∞,+∞] is defined as follows






Hereunder, we deduce the projection onto the closed convex domain [0,+∞[m
as the proximity operator of function f . We note also that, in practice, we
can use Moreau’s decomposition formula to express proxσg∗ from proxσg:
∀u ∈ R3m, proxσg∗(u) = u− proxσ−1g(σ−1u)
= u− PB1,2(0,η)(σ−1u), (3.17)
where PC denotes the projection onto a nonempty closed convex set C.
The algorithm parameter (σ, τ) are chosen so as to satisfy the theoretical
requirements in [78] in order to guarantee the convergence of Algorithm 1:
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where ‖A‖S (resp. ‖∆‖S) denotes the spectral norm of A (resp. ∆). To
set the algorithm parameters in practice, we simply fix τ ∈]0, 2‖A‖2S [ and









Based on (3.17), we re-write Algorithm 1 in the following way:
Algorithm 2: General formulation of Parallel Forward-Backward
based Primal-Dual Algorithm for Problem (3.12)
1 Set λ ∈]0, 1], τ ∈]0,+∞[.
2 Compute σ using (3.19).
3 Set primal and dual variables: d(0) ∈ Rm, y(0) ∈ R3m
4 for j = 1, . . . , Jmax do
5 d̃(j) = P[0,+∞[m(d
(j) − τ(A⊤(Ad(j) − p) + ∆⊤y(j)))
6 d(j+1) = d(j) + λ(d̃(j) − d(j))
7
ỹ(j) = y(j) + σ∆(2d̃(j) − d(j))
−σPB1,2(0,ζ)(σ−1y(j) +∆(2d̃(j) − d(j)))
8 y(j+1) = y(j) + λ(ỹ(j) − y(j))
9 end
Let consider d∗ the resulting regularized TV-based solution obtained by
Algorithm 2.
We apply on the latter one morphological operations [101] in order to
detect the voxels containing structures suspected to be microcalcifications
whose size lies in a specific range, in the line of the method from [136].
As we are interested in preserving small particles with no specific spatial
orientation, we use an opening operator using a disk with a small radius
as the structuring element that we apply slice per slice. In order to keep
structures with radius size in the range [ρmin, ρmax] where 0 < ρmin < ρmax,
we apply the following steps:
1. Apply opening with radius ρmin on d∗ to generate d∗|ρmin .
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(a) (b) (c) (d)
Figure 3.5: Different steps performed to detect the signal of interest: (a)
Original signal. (b) Applying opening with radius ρmin on original signal
results in red signal. (c) Applying opening with radius ρmax on output signal
of step (b) results in green signal. (d) The signal of interest is the hatched
part obtained by the subtracting green signal to red one.
The output of the above method leads to our estimated µ which is expected
to contain high intensity voxels in zones where structures are present in the
predefined radius range, and very low intensity ones otherwise.
The estimated signal µ will also be useful for the construction of the ROIs
themselves, as the local maxima of µ correspond to sought areas for micro-
calcifications. We propose to extract local maxima from a MaxTree [16]
representation computed using 26-connectivity. This approach allows to
represent the volume as a tree where each node corresponds to a connected
component of similar gray level. The nodes are then connected hierarchi-
cally depending on their intensity. By construction, the leaves present the
highest gray level intensities, that are the local maxima. Determining the
set of pixels included in each leaf allows us to construct a list of q represen-
tative pixels that we define to be the centers of our ROIs. We then deduce
the (Ii)1≤i≤q sets by imposing a given ROI size enabling the inversion of the
covariance matrix while minimizing the overlap of ROIs.
3.3.3 Proposed reconstruction algorithm
In this section we will explain the method allowing us to reconstruct the
volume d. Henceforth, we reformulate Problem (2.11) as the minimization
of a penalized least squares cost function
(∀d ∈ Rm) f(d) = 1
2





(∀d ∈ Rm) Φ(d) = Ψ(∆d), (3.21)
with
(
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In this work, we will set
(∀u ∈ R3) ψ(u) = β
√
‖u‖2 + ϵ2, (3.23)
where β > 0 is the regularization weight, and ϵ > 0 controls the smoothness
of the penalty function. Moreover, D : Rm → R denotes the developed
detectability function with weight α > 0 that controls the sensitivity of
detection for the microcalcifications in the reconstructed DBT volume. The
elastic net regularization ‖.‖2 with weight γ ≥ 0 is included to ensure the
uniqueness of the solution. Finally, the values of the reconstructed volume
are encouraged to lie in a specific range of values [0, dmax], with dmax > 0,
through the introduction of the penalty function Q scaled with κ > 0, that
reads





(di − a)2. (3.24)
It is worth mentioning that, when κ goes to infinity, κQ tends to the indicator
function for the convex domain [0, dmax]m. To compute the function D, we
shall follow these steps:
• We compute d∗ by solving a total variation based constrained problem,
then we estimate the corresponding µ following the method detailed
in Section 3.3.2
• We extract the related ROIs using the method presented in Section 3.3.2
• We compute the inverse of the covariance matrix Σ and we choose the
channelization matrix U as will be explained in the next section.
The minimization of f is performed by using a new formulation of Majorize-
Minimize Memory Gradient (3MG) algorithm [35] that will be further de-
tailed in Section 5.2.
§ 3.4 Assessment of microcalcification enhance-
ment in different datasets
3.4.1 Experimental settings
We now present experimental results assessing the performance of our method
on both physical phantom and several clinical datasets, that will be fur-
ther detailed in sections 3.4.2 and 3.4.3. For each considered volume, we
simulated the 9 projections as acquired with a DBT commercial system
(Senographe Essential, GE Healthcare) with a 25° opening angle. The de-
tector is composed of 3062 × 2394 detector elements of 100µm×100µm in
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size. The volumes are reconstructed with a 100µm×100µm×1mm sampling
grid. We aim at enhancing the detectability of microcalcifications with size
ranging from 0.2 mm to 0.4 mm. This range was chosen to enhance the
visibility of a specific group of microcalcifications included in Model 015
phantom (CIRS, Norfolk, VA, USA) and clinical data used in our experi-
ments. A detection map is generated as explained in Section 3.3.2, with the
same sampling grid as the reconstructed volume. The size of the ROIs was
set to 51 × 51 × 5 voxels so that it ensures the inversion of the covariance
matrix Σ defined in (3.7) while reducing the overlapping between ROIs. The
total number q of ROIs depends on the considered data. In our experiments,
q varies from 105 to 106 for the volumes considered in the evaluation of our
approach that will be further described in Sections 3.4.2 and 3.4.3. The
covariance matrix Σ is learnt from a database of 400 ROIs. Half of the ROIs
contain lesions of 0.2 mm in size, while the others do not contain any. The
images we used were generated by using a simulation software developed by
GE Healthcare [84]. Finally, Laguerre-Gauss channels [108] are employed
for defining the matrix U ∈ Rk×c defined below :
U =
[
u1 u2 . . . uc
]
(3.25)
where, for every p ∈ {1, . . . , c}, up = (uℓ,p)1≤ℓ≤k represents a k−dimensional
Laguerre-Gauss channel which is defined as













where, for every ℓ ∈ {1, . . . , k}, zℓ denotes the 3D spatial coordinates of
the ℓ-th voxel of the ROI (with spatial origin defined at the center of it),
au ∈ R+ represents the spread of the Gaussian kernel and Lp−1 denotes the
Laguerre polynomial of degree p− 1, defined as











A range of values for au and c were considered depending on the background
type. We select then the optimal combination that maximizes the area
under ROC curve following the CHO framework [112]. Based on a previous
research work [84], the values of au and c are presented in Table 3.1 for
0.2 mm spherical microcalcifications.
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Table 3.1: Laguerre-Gauss channels parameters used for different back-
ground types.
Background type Laguerre-Gauss parameters
Uniform au = 0.8, c = 30
Textured au = 0.6, c = 30
(a)
au = 0.8, c = 1
(b)
au = 0.8, c = 2
(c)
au = 0.8, c = 3
(d)
au = 0.8, c = 4
(e)
au = 0.8, c = 5
(f)
au = 0.6, c = 1
(g)
au = 0.6, c = 2
(h)
au = 0.6, c = 3
(i)
au = 0.6, c = 4
(j)
au = 0.6, c = 5
Figure 3.6: Example of the central slice of three-dimensional Laguerre-
Gauss channels with size 51×51×5 used for uniform background (first row)
and textured background (second row).
Table 3.2: The parameters value of the smooth TV regularization used in
(3.21) and TV constraint function used in (3.12), respectively.
TV version Regularization parameters
Smoothed TV version β = 600, ϵ = 10
Constrained TV version η = 32‖∆d0‖1,2
Our minimization algorithm (See Chapter 5) used to solve the optimiza-
tion problem (3.20) is initialized with the Filtered Back Projection (FBP)
solution, and run until a maximum number of iterations (here equal to
200), which was shown to be sufficient to reach practical convergence in
our experiments. The upper bound in the range of plausible values of the
reconstructed volume is chosen equal to dmax = 4095. The smooth TV reg-
ularization parameters β and ϵ in equation (3.21) and bound η associated
with the TV constraint in (3.12) are adjusted based on visual inspection,
so as to optimize the global reconstruction quality. In Table 3.2, the latter
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We first show in Figure 3.8 the central slice of the resulting signal estima-
tion µ (detection map) of the zoomed region, following the method detailed
in Section 3.3.2. We note that the background is merely equal to 0 and that
the 6 microcalcifications are well detected. Yet, it is important to mention
that different gray level values will lead to different enhancement levels for
each detected microcalcification. This may be explained by ; the variability
in size of the small specks in Model 015 phantom and the noise generated
while acquiring the projections.
Figure 3.8: Zoomed slice of µ, estimated from Model 015 phantom, con-
taining 6 ROIs .
Effect of varying α weight:
Now, we illustrate in Figure 3.9 the influence of a change in the parameter α
weighting the detectability function in equation (3.20). We observe that the
higher the value of α, the more visible the microcalcifications. Qualitatively,
this is illustrated in Figure 3.9(a) to (d) according to the increased value of α.
This latter parameter is expected to control the sensitivity of detection for
the microcalcifications in the reconstructed DBT volume. Quantitatively,
this is depicted through the increased SDNR value denoted in Table 3.3
when increasing the magnitude of the detectability function. Note that the





where maxsignal is the maximum value of the signal of interest, mbg denotes
the mean value of the background and σ represents the standard deviation
of the background. Consequently, this measure helps us to quantify the con-
trast of the enhanced microcalcifications. We highlight also that despite the
high number of ROIs (around 105) within the whole volume, the enhance-
ment is only effective in the microcalcifications area. No false positives
appear to have been caused by our approach on this uniform background
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image of Model 015 phantom. This is outlined numerically in Table 3.3
where we notice that for the different values of α, the reconstructed region
of Model 015 phantom demonstrates the same mean brightness level. Fur-
thermore, the pixel values deviate approximately with the same magnitude
around the same grayscale mean.
(a) α = 0 (b) α = 250
(c) α = 500 (d) α = 750
Figure 3.9: Region of Model 015 phantom slice containing 6 ROIs: Enhancement
level for different detectability function weights α.
Table 3.3: Statistics on the region of Model 015 phantom slice containing
6 ROIs for different α values
α Mean StD Max SDNR
0 2340.93 22.90 2667 11
250 2343.55 22.91 2774 13
500 2337.70 22.94 2873 15
750 2336.85 22.99 2981 18
Increased SDNR values highlight that the enhancement is indeed effec-
tive on the 6 microcalcifications comprised in the zoomed region of the Model
015 phantom. This is further confirmed qualitatively and quantitatively in
Figure 3.10 and Table 3.4 when analyzing SDNR of individual microcalcifi-
cations. It is worth mentioning that high values of α may however tend to
increase the size of the enhanced microcalcifications. In this context, micro-
calcifications 2 and 3 in Figure 3.10 are the most affected by this spreading
effect. To further understand this effect, we suggest studying the contribu-
tion of each regularization term used in the proposed cost function (3.20)
that is minimized to reconstruct the DBT volume.
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Figure 3.10: Profiles of each microcalcification in the considered region of
the Model 015 phantom slice for different α values
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Table 3.4: SDNR (signal difference to noise ratio) of each microcalcification
in the considered region of Model 015 phantom slice for different α values
α 0 250 500 750
Microcal. 1 8 9 10 11
Microcal. 2 13 17 22 27
Microcal. 3 14 19 23 28
Microcal. 4 10 11 13 14
Microcal. 5 9 11 12 14
Microcal. 6 10 10 11 11
Effect of each term in the penalized least squares function :
In this section, we investigate the effect of each regularization term in the
considered cost function (3.20). We are particularly interested to scrutinize
the interaction between the smoothed TV regularization function Φ defined
in (3.21) and the newly developed detectability function D in (3.11). For
this reason, we consider four different reconstructions as illustrated in Figure
3.11:
• non-regularized least squares solution (NRLS)
• classical TV and no detectability function (TV)
• non-regularized least squares solution with detectability function (dNRLS)
• classical TV using detectability function (dTV)
(a) α = 0, β = 0 (b) α = 0, β = 600
(c) α = 750, β = 0 (d) α = 750, β = 600
Figure 3.11: Region of Model 015 phantom slice containing 6 ROIs : (a) NRLS.
(b) TV. (c) dNRLS. (d) dTV.
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As expected, the non-regularized least squares solution (NRLS) leads to a
highly noise level as shown in Figure 3.11(a). DBT reconstruction with clas-
sical TV and no detectability function (TV) leads to a satisfying background
restoration however it reduces microcalcification intensity and sharpness, as
depicted in Figure 3.11(b). In contrast, Figure 3.11(c) demonstrates that
when the detectability function is used, without additional regularization
(dNRLS), the microcalcifications are enhanced as well as sharpened. Yet,
the background remains noisy. Finally, by combining the detectability func-
tion and the classic TV regularization (dTV), in Figure 3.11(d), we simul-
taneously denoise the background and enhance the contrast of microcalcifi-
cations. However, the latter appear less sharp and with a slight spreading
effect increasing their perceived size.
Table 3.5: Statistics on the region of Model 015 phantom slice containing
6 ROIs for different reconstructions
Algorithm α, β Mean StD Max SDNR
NRLS α = 0, β = 0 2348.76 96.20 3046 7
TV α = 0, β = 600 2339.97 34.36 2667 10
dNRLS α = 750, β = 0 2343.71 114.52 4095 15
dTV α = 750, β = 600 2339.60 37.92 2981 17
The aforementioned qualitative observations are numerically outlined
through the statistical values provided in Table 3.5. In fact, noise level in
the least squares solution (NRLS) as well as in the DBT reconstruction with
detectability function and no regularization (dNRLS) is explained by the rel-
atively high deviation magnitude of pixels around the grayscale mean. In
contrast, the regularized solutions, i.e when β = 600, (TV) and (dTV), pro-
vide a lower deviation magnitude around the grayscale mean. Furthermore,
DBT reconstruction when using detectability function and no TV regular-
ization (dNRLS), i.e. α = 750 and β = 0, provides the highest maximum
grayscale value reflecting the highest enhancement level in the detected mi-
crocalcifications. This latter maximum value decreases when TV regularizer
is incorporated in the DBT reconstruction, with a lower noise level leading
to a better SDNR.
To better grasp the aforementioned observations, we focus on the central
microcalcification where the spreading effect is the most obvious. Therein,
we observe in Figure 3.12(a) that the least squares solution (NRLS) yields
to a poorly defined microcalcification due to the high presence of the noise.
DBT reconstruction when using TV regularization (TV), in Figure 3.12(b)
provides a better restoration of the background where the microcalcifica-
tion can be better distinguished. However, the microcalcification appears
to be smoother and less enhanced. In contrast, DBT reconstruction with
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detectability function and no TV regularization (dNRLS) leads to enhanced
and sharper microcalcification that stands out in a highly noisy background,
as depicted in Figure 3.12(c). Finally, a DBT reconstruction with detectabil-
ity function and TV regularization (dTV), as shown in Figure 3.12(d), si-
multaneously leads to a high restoration of the background and a significant
enhancement of the microcalcification contrast. Nonetheless, the microcalci-
fication seems less sharp compared to DBT reconstruction with detectability
function and no TV regularization (dNRLS). Herein, further investigation
for a more sophisticated spatial regularizer is needed to preserve the sharp-
ness of the enhanced microcalcifications.
(a) α = 0, β = 0 (b) α = 0, β = 600
(c) α = 750, β = 0 (d) α = 750, β = 600
Figure 3.12: Zoom on the central microcalcification contained in the considered
region of Model 015 phantom central slice : (a) NRLS. (b) TV. (c) dNRLS. (d)
dTV.
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3.4.3 Clinical data
We also assessed our approach on clinical data. We propose to show rep-
resentative cases that include inconspicuous microcalcifications. First, we
evaluate our approach on cases containing benign microcalcifications. Then,
we extend our evaluation on a case comprising a potentially malignant group
of microcalcifications.
Clinical cases with benign microcalcifications: We present in Fig-
ure 3.13 results for a BI-RADS d breast composition image containing an
isolated microcalcification and in Figure 3.14 and 3.15, for a BI-RADS c
breast composition image comprising group of microcalcifications. The cor-
responding detection maps are shown in Figure 3.13(a), Figure 3.14(a) and
Figure 3.15(a) respectively. Similar conclusions as for the physical phan-
tom case can be drawn from visual inspection of those images. We no-
tice again two drawbacks of DBT reconstruction with detectability function
and no TV regularization. First, it may yield saturated microcalcifications
since no penalization is applied in their gray level values (Figure 3.13(c)).
Second, some false positives in the detection map may also lead to en-
hanced microcalcification-like structures when no regularization is applied
(Figure 3.13(c), Figure 3.14(c) and Figure 3.15(c)). By combining the de-
tectability function and TV regularization (Figure 3.13(e), Figure 3.14(e)
and Figure 3.15(e)), we observe similar results as for the physical phantom
case, enhanced but unsharp microcalcifications and a denoised background.
Clinical case with potentially malignant cluster of microcalcifica-
tions: We show in Figure 3.16 results for a BI-RADS c breast composition
image with a potentially malignant group of microcalcifications. The cor-
responding detection map is illustrated in Figure 3.16(a). Here again, we
observe the behaviour already unveiled in the physical phantom data as well
as the aforementioned clinical cases. In one hand, the advantage of applying
the detectability function in the DBT reconstruction is the significant en-
hancement in the detected microcalcifications, as illustrated when comparing
Figure 3.16(b) with Figure 3.16(c). In the other hand, the TV regularizer
improves the robustness to the noise and the overall image quality, as il-
lustrated when comparing Figure 3.16(b) with Figure 3.16(d). Henceforth,
applying these two terms enables simultaneously the enhancement of mi-
crocalcifications and the high restoration of the background, as illustrated
in Figure 3.16(e). However, the observed unsharpness of microcalcifications
incites us to investigate the efficiency of TV regularizer in our reconstruction
problem.
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(a) (b) α = 0, β = 0 (c) α = 0, β = 600
(d) α = 1500, β = 0 (e) α = 1500, β = 600
Figure 3.13: Selected slice of a DBT reconstruction with size 2344 × 868 × 44
(voxels) : (a) Detection map µ. (b) NRLS. (c) dNRLS. (d) TV. (e) dTV.
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(a) (b) α = 0, β = 0 (c) α = 2500, β = 0
(d) α = 0, β = 600 (e) α = 2500, β = 600
Figure 3.14: Selected slice of a DBT reconstruction with size 2227 × 594 × 44
(voxels) : (a) Detection map µ. (b) NRLS. (c) dNRLS. (d) TV. (e) dTV.
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(a) (b) α = 0, β = 0 (c) α = 2500, β = 0
(d) α = 0, β = 600 (e) α = 2500, β = 600
Figure 3.15: Selected slice of a DBT reconstruction with size 2227 × 594 × 44
(voxels) : (a) Detection map µ. (b) NRLS. (c) dNRLS. (d) TV. (e) dTV.
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(a) (b) α = 0, β = 0 (c) α = 0, β = 600
(d) α = 500, β = 0 (e) α = 500, β = 600
Figure 3.16: Selected slice of a DBT reconstruction with size 3062 × 994 × 67
(voxels) : (a) Detection map µ. (b) NRLS. (c) dNRLS. (d) TV. (e) dTV.
§ 3.5 Summary
In this chapter, we introduced a new a priori term in the DBT reconstruc-
tion process by adding to a classical regularized iterative DBT reconstruc-
tion a task-based assessment strategy implemented in the CHO observer.
Henceforth, we have proposed a new approach aiming at enhancing the
detectability of microcalcifications in DBT reconstruction as the targeted
clinical task. We defined a detectability function, which is computed follow-
ing an approach similar to the mathematical model observer CHO and we
incorporated it as an a priori term in the proposed optimization approach.
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We demonstrated on both synthetic and clinical datasets the potential in-
terest of our method with respect to standard DBT reconstruction in terms
of microcalcification visibility.
Although we are able to enhance the visibility of microcalcifications, they
might appear less sharp and with a slight spreading effect. This particularly
holds when combining the detectability function and the TV regularizer. In
the next chapter, we propose to spatially adapt the regularization aiming
at improving the robustness to the noise, the overall image quality and the
preservation of microcalcification shape.
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- Chapter 4 -
A new Spatially Adaptive TV (SATV)
regularization function : Application in DBT
§ 4.1 Introduction
In literature, most DBT reconstructions have used total variation (TV) as
a spatial regularization function [122, 124, 94]. The TV regularizer has
demonstrated great performance in several applications of image processing
[46, 28, 1, 47]. However, the staircasing effect inherent to TV [104] is not
desirable as it rarely fits with the natural textures and shapes arising in
real images. Several research studies have suggested alternative TV-based
penalties, by proposing smooth approximation of it [8, 20, 29, 30], by in-
troducing non-local similarity measures [32], by considering the posterior
mean estimate instead of the standard maximum a posteriori one [86], or
by investigating anisotropic gradient operators [88, 93, 85, 140, 19]. The
aforementioned works gave rise to promising results but may however not
be adapted to the restoration of very heterogeneous areas, such as the breast
volume imaged in DBT. We thus propose to formulate a new Spatially Adap-
tive TV (SATV) regularization function which will take into consideration
the different morphological contents of the breast. Different regularizers are
applied, depending if microcalcifications are expected or not in the consid-
ered image zones. To this aim, we introduce a new definition of the gradient
field allowing to involve heterogeneous prior knowledge on the structural
content of each voxel of the sought volume.
The remainder of this chapter is organized as follows: we introduce in
Section 4.2 state-of-the-art TV-based regularization strategies. In Section
4.3, we provide an original formulation for the weighted gradient field that ef-
ficiently incorporates prior knowledge on the location of microcalcifications.
Then, we derive our spatially adaptive total variation (SATV) regularization
and integrate it in the clinical task-based reconstruction approach for DBT.
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Finally, we show experimental results carried out on both physical phantom
and clinical data and discuss the qualitative results in Section 4.4.
§ 4.2 Problem statement and motivation
Total Variation (TV) is one of the most popular regularization method in
image restoration. It has been initially introduced for 2D image denoising
and reconstruction problem [116]. When applied to 3D images, it reads:
(∀d ∈ Rm) Φ(d) = Ψ(∆d) (4.1)
where ∆ ∈ R3m×m is the 3D gradient operator defined as
(∆)⊤ = [∆x ∆y ∆y]⊤ (4.2)
with ∆x ∈ Rm×m (respectively ∆y ∈ Rm×m, ∆z ∈ Rm×m) discrete hori-
zontal (respectively vertical and depth) gradient operators assuming zero-
boundaries. Moreover, Ψ is the sparsity promoting function, typically equals
to the ℓ1 norm (in case of anisotropic TV) or ℓ1,2 norm (in case of isotropic
TV). The total variation promotes the sparsity of the image derivatives,
which has the advantage of reducing the noise and preserving strong edges.
However, it may lead to undesirable piecewise constant images and induce
staircase artefacts [104]. With the aim to overcome these limitations, var-
ious variants of TV regularization have been proposed which are listed in
the following.
Figure 4.1: Sparsity promoting norms: ℓ0 norm (thin solid yellow), ℓ1
norm (thick dashed red), ℓ1/ℓ2 norm (thick solid blue), log-ℓ1 norm (thin
magenta), Welsch penalty (thin dashed green)
• Smoothed One Over Two-Total Variation (SOOT-TV) is a nonconvex
sparsity promoting function combining the ℓ1/ℓ2 norm and the total
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variation operator. ℓ1/ℓ2 can be viewed as a more accurate approxi-
mation to ℓ0 compared to the convex ℓ1 norm, as shown in Figure 4.1.
One can mention the log-smoothed version of the ℓ1/ℓ2 norm called
”SOOT” introduced in [114]. The prior then reads:






















Herein ∆ ∈ R3m×m is the discrete 3D gradient operator defined in
equation (4.2) and α, β and λ are positive parameters. It is worth
mentioning that for α = λ = 0 we recover ℓ1 and ℓ2.
• Smoothed log-Total Variation (log-TV) is a nonconvex smooth sparsity
promoting regularization function from [110] defined as follows


















where α > 0 and ∆ ∈ R3m×m the 3D gradient operator as defined
in 4.2. Similarly to the ℓ1/ℓ2 norm, the log-based penalty used in
equation (4.5) can be viewed as a nonconvex approximation to ℓ0.
• Welsch-Total Variation (Welsch-TV) is based on the so-called “Welsch
function” [52] defined by





The Welsch function is bounded and approaches 1 exponentially fast
as |t| → +∞. It is convex near the origin, for t2 < σ2 and noncon-
vex elsewhere. When applied to the image gradient with the aim to
improve its sparsity, it reads









• Sophisticated gradient operator : Furthermore, other TV-based reg-
ularizations have been proposed based on more sophisticated defini-
tions of the gradient field of the discrete image. With the aim to curb
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the staircasing effect, Non-local Total Variation (NLTV) [32] investi-
gates the non-locality through introducing non-local similarity mea-
sures, while Total Generalized Variation (TGV) [22] involves higher
order derivatives of the desired object. Moreover, to better reconstruct
oblique structures, Total Variation on a Staggered Grid (TVSG) [46]
resorts to a more accurate adaptation of the continuous definition to
the discrete domain, instead of the classical finite differences in (4.1)-
(4.2).
Even though these regularization strategies may show great performance
in various image processing applications, none of them have provided a for-
mulation that takes into account the heterogeneity (in shape and texture)
within the image to be regularized. In particular, breasts consist of different
anatomical components such as tissues (background) (as detailed in Sec-
tion 2.2.4) and lesions (as depicted in Section 2.2.3), which require a more
sophisticated regularization when reconstructing the DBT volume. In such
challenging context, our contribution is to propose a new Spatially Adaptive
TV (SATV) regularization function which responds to the need for hetero-
geneous spatial regularization in DBT reconstruction, and accounts for the
different morphological contents of the breast. Henceforth, we provide a
new definition of the gradient field in the discrete image that takes into
consideration an input detection map incorporating prior knowledge on the
structural contents of the image. Thus, the SATV operator acts differently
according to the sought local information around each voxel.
§ 4.3 SATV regularization
4.3.1 Mathematical formulation
Let us consider the detection map µ ∈ Rm obtained as an output of the
construction of the previously introduced detectability function (3.11). This
map is of a great interest, as it provides a good estimate for the location of
the potential microcalcifications in the volume. This allows us to define the
following weight parameters,




1 if µi ≤ ν − θ
θ+ν−µi
2θ if ν − θ ≤ µi ≤ ν + θ
0 otherwise,
(4.8)
with ν ∈ [0,+∞[ and θ ∈]0,min(ν, 1− ν)]. The value of µi is high in zones
where structures are present, while it is low in other areas. The threshold ν
allows to set a binary transition between the breast texture and the detected
microcalcifications, while the parameter θ is used to smooth this transition
(Figure 4.2).
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Figure 4.2: Profile function of weight parameters (λi)1≤i≤m
In essence, they will be set up to preserve the geometric shape of the
detected microcalcifications. By construction, (λi)1≤i≤m ∈ [0, 1]m. The lat-
ter weight vector allow addressing differently the regularization of the plain
healthy tissue and of the critical zones potentially containing microcalcifi-
cations.
For this purpose, we formulate our SATV regularization function as fol-
lows,





(1− η)λi∆id+ η(1− λi)δdi
)
, (4.9)
where δ = [1 1 1]⊤, ψ : R3 → R represents a sparsity promoting function
which applies either on the image intensity or on its gradients, η ∈ [0, 1]
controls the overall contribution of each regularizing term, and ∆ denotes
the 3D gradient operator that is expressed as
(∆i)






with ∆xi (resp. (∆
y
i ) and (∆zi )) discrete horizontal, (resp. vertical and
depth) gradient operators at voxel i ∈ {1, . . . ,m}, assuming zero-boundaries.
It is worthy to point out the special cases of Φ function, where for every
i ∈ {1, · · · ,m} : {
if λi = 0 then ψ = ‖.‖1
if λi = 1 then ψ = ‖.‖
(4.11)
Henceforth, in the first case of (4.11), Φ corresponds to the ℓ1 regularization,
while the second case of (4.11), reduces Φ to the standard isotropic TV
regularizer. For a suitable weight vector (λi)1≤i≤m, the norm of the gradient
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of the image will be penalized in regions where no microcalcifications are
expected, while the intensity of microcalcifications will be penalized in the
complementary regions.
4.3.2 Proposed reconstruction algorithm
In this part, we briefly explain how SATV regularization is numerically
handled. From equation (4.9), function Φ can be re-expressed as
(∀d ∈ Rm) ,Φ(d) = Ψ(Ld) (4.12)
where







L = (1− η)(Λ⊗ I3)∆ + η(Im − Λ)⊗ δ ∈ R3m×m, (4.14)
where ⊗ denotes the Kronecker product and Im and I3 state for the identity
matrix dimension m×m and 3× 3 respectively.
Λ = Diag(λ1, . . . , λm) (4.15)
We can easily define the adjoint operator of L in (4.14), L∗ that is read
L∗ = (1− η)∆∗(Λ⊗ I3) + η(Im − Λ)⊗ δ ∈ R3m×m, (4.16)
where ∆∗ denotes the adjoint operator of ∆. Based on (4.14), we infer that
the norm of L is bounded by the following quantity,
‖L‖ = ‖(1− η)(Λ⊗ I3)∆ + η(Im − Λ)⊗ δ‖
≤ (1− η)‖(Λ⊗ I3)∆‖+ η‖(Im − Λ)⊗ δ‖





Different strategies can be adopted for the choice of the sparsity promot-
ing function ψ, which will have an impact on the reconstruction algorithm
used to solve an optimization problem when using SATV regularization. For
instance,
• If ψ is convex, and its proximity operator has a closed form expression
(e.g., ψ is the ℓ1 or ℓ2 norm), proximal algorithms [45, 44] which include
ADMM [21] and primal-dual methods [78] can be used.
• If ψ is Lipschitz-differentiable, but not necessarily convex (e.g. smooth
approximations of ℓ1 or ℓ0), then the problem can be solved using
Majoration-Minimization (MM) schemes [131, 73], which have shown
their efficiency in the context of image tomography [40, 39].
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‖p−Ad‖2 + g(d) (4.18)
where g is defined as follows
(∀d ∈ Rm) g(d) = Ψ(Ld)− αD(d) + γ
2
‖d‖2 + κQ(d) (4.19)
where Ψ: Rm → R is the SATV regularization as depicted in (4.12)-(5.5).
Moreover, we consider a Lipschitz-differentiable ψ function defined as fol-
lowing,
(∀u ∈ R3) ψ(u) = β
√
‖u‖22 + ϵ2, (4.20)
where β > 0 is the regularization weight, and ϵ > 0 controls the smoothness
of the penalty function. Since all the involved terms of Problem (4.18)-
(4.19)-(4.9) are now differentiable, we will resort to a Majorize-Minimize
(MM) algorithm tailored for such smooth function, that will be detailed in
Chapter 5.
§ 4.4 Shape restoration of microcalcifications
in different datasets
4.4.1 Experimental settings
We now present experimental results assessing the performance of our method
on both physical phantom and several clinical datasets, that will be further
detailed in sections 4.4.2 and 4.4.3. In this regard, we consider the same
experimental settings as detailed in Section 3.4.1. We construct the volume
(λi)1≤i≤m as explained in Section 4.3.1. Therefore, we normalize the detec-
tion map (µi)1≤i≤m. Then, we set up experimentally the threshold ν in (4.8)
so that the geometric shape of the detected microcalcifications is preserved,
given the obtained detection map. Moreover, the parameter θ is manually
finetuned to preserve an optimized transition between breast background
and microcalcifications. Finally, we set η in order to achieve a certain image
quality optimization of DBT.
4.4.2 Physical phantom data
We have first assessed our approach when using the physical phantom data
as described in Section 3.4.2. The constructed map for the weight parame-
ters (λi)1≤i≤m obtained following the approach described in Section 4.3.1 is
shown in Figure 4.3. We set ν = 1.5× 10−3 and θ = ν3 .
Compared to the results obtained with a classical DBT reconstruction, in
Figure 4.4(a), we observe a significant enhancement of the visibility as well
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(a)
Figure 4.3: Region of Model 015 phantom slice containing 6 ROIs : Weights
(λi)1≤i≤m.
as the sharpness of the detected microcalcifications (Figure 4.4(c)). This
gain in enhancement is spotlighted in Table 4.2 through the SDNR values.
Moreover, we see a reduction of the spreading effect affecting the microcal-
cifications when the reconstruction uses the classical TV, in Figure 4.4(b).
We emphasize that the comparison between the SATV-based reconstruction
and the classical TV-based reconstruction is fair, since the regularization
parameters, namely β and η are set such that the background is restored
with the same quality. These regularization parameters, namely (β, ϵ, η),
are presented in Table 4.1. This observation is highlighted through similar
mean and standard deviation values observed on the different reconstructed
images, as shown in Table 4.2.
Table 4.1: The parameters value of the classical TV-based regularization
and the SATV-based regularization for the physical phantom case.
TV version (β, ϵ, η)
Classical TV-based regularization (600, 10, 0)
SATV-based regularization (630, 10, 0.048)
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Table 4.2: Statistics on the region of Model 015 phantom slice containing
6 ROIs for different DBT reconstructions.
(α, β, η) Mean StD Max SDNR
(0, 600, 0) 2340.93 22.90 2667 11
(750, 600, 0) 2336.85 22.99 2981 18
(750, 630, 0.048) 2334.97 23.38 4095 71
(a) α = 0, β = 600, η = 0
(b) α = 750, β = 600, η = 0
(c) α = 750, β = 630, η = 0.048
Figure 4.4: Region of Model 015 phantom slice containing 6 ROIs : (a) TV. (b)
dTV. (c) DBT reconstruction with detectability function and SATV regularization
(dSATV).
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To better grasp the aforementioned observations, we focus on the cen-
tral microcalcification where the shape preservation is the most obvious.
Therein, a DBT reconstruction with detectability function and SATV regu-
larization, as shown in Figure 4.5(c), enables when compared to Figure 4.5(a)-
(b), first, a high restoration of the background similarly to a TV-based
reconstruction and second, a sharper microcalcification with a significant
enhancement.
(a) α = 0, β = 600, η = 0
(b) α = 750, β = 600, η = 0
(c) α = 750, β = 630, η = 0.048
Figure 4.5: Zoom on the central microcalcification contained in the considered
region of Model 015 phantom slice : (a) TV. (b) dTV. (c) dSATV.
4.4.3 Clinical data
We have also evaluated our approach on the clinical images. We propose
to show representative cases that include inconspicuous microcalcifications.
First, we evaluate our approach on cases containing benign microcalcifica-
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tions. Then, we extend our evaluation on a case comprising a potentially
malignant group of microcalcifications.
Clinical cases with benign microcalcifications :
We illustrate in Figure 4.6 results for a clinical case with a BI-RADS d
breast composition containing an isolated microcalcifications and in Figure
4.7 and 4.8, for a clinical case with a BI-RADS c breast composition com-
prising a group of microcalcifications. The corresponding detection maps are
shown in Figure 4.6(a), Figure 4.7(a) and Figure 4.8(a) respectively. The
constructed maps for (λi)1≤i≤m obtained following the approach described
in Section 4.3.1 are shown in Figure 4.6(b), Figure 4.7(b) and Figure 4.8(b).
Furthermore, we set θ = ν/3, with (ν, α) = (0.09, 1500) for the first ex-
ample and (ν, α) = (0.03, 2500) for the second volume. The regularization
parameters, namely (β, ϵ, η), are presented in Table 4.3. Here again, the
reconstruction with our proposed approach and the one based on classical
TV visually provide the same breast texture quality. This qualitative ob-
servation is verified by the standard deviation values reported in Table 4.4,
Table 4.5 and Table 4.6 related to each volume respectively.
Furthermore, similar conclusions as for the physical phantom case, can
be drawn from a visual inspection of those images. We highlight the ad-
vantage of our proposed approach (Figure 4.6(g), Figure 4.7(g) and Fig-
ure 4.8(g)) that simultaneously enables a robust preservation of the enhanced
microcalcification shape and a high quality restoration of the background.
Table 4.3: The parameters value of the classical TV-based regularization
and the SATV-based regularization for the clinical scenario.
TV version (β, ϵ, η)
classical TV-based regularization (600, 10, 0)
SATV-based regularization (660, 10, 0.09)
Table 4.4: Statistics on a selected slice of a DBT reconstruction with size
2344× 868× 44 (voxels)
(α, β, η) Mean StD Max SDNR
(0, 600, 0) 1686.06 693.53 2584 1
(1500, 600, 0) 1686.73 693.70 3649 3
(1500, 660, 0.09) 1686.70 693.73 3926 3
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(a) (b) (c)
(d) (e)
Figure 4.6: Selected slice of a DBT reconstruction with size 2344 × 868 × 44
(voxels) (a) Detection map µ. (b) Weights (λi)1≤i≤m. (c) TV. (d) dTV. (e)
dSATV.
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Table 4.5: Statistics on a selected slice of a DBT reconstruction with size
594× 2346× 46 (voxels)
(α, β, η) Mean StD Max SDNR
(0, 600, 0) 1484.84 772.92 2621 1
(2500, 600, 0) 1489.97 775.67 2775 2
(2500, 660, 0.09) 1492.01 779.59 3919 3
(a) (b) (c)
(d) (e)
Figure 4.7: Selected slice of a DBT reconstruction with size 594 × 2346 × 46
(voxels) (a) Detection map µ. (b) Weights (λi)1≤i≤m. (c) TV. (d) dTV. (e)
dSATV.
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Table 4.6: Statistics on a selected slice of a DBT reconstruction with size
594× 2346× 46 (voxels)
(α, β, η) Mean StD Max SDNR
(0, 600, 0) 1485.20 776.17 2717 2
(2500, 600, 0) 1491.81 779.41 2732 2
(2500, 660, 0.09) 1490.25 775.91 3917 3
(a) (b) (c)
(d) (e)
Figure 4.8: Selected slice of a DBT reconstruction with size 594 × 2346 × 46
(voxels) (a) Detection map µ. (b) Weights (λi)1≤i≤m. (c) TV. (d) dTV. (e)
dSATV.
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Clinical cases with potentially malignant cluster of microcalci-
fications:
We show in Figure 4.9 results for a clinical case with a BI-RADS c breast
composition exhibiting a potentially malignant group of microcalcifications.
The corresponding detection map is illustrated in Figure 4.9(a). Further-
more, the constructed map for (λi)1≤i≤m obtained following the approach
described in Section 4.3.1 is shown in Figure 4.9(b). Herein, we set θ = ν/3,
with (ν, α) = (0.009, 500). Regarding the hyperparameters, we used (β, ϵ, η)
as depicted in Table 4.3. Here again, SATV and TV regularizations enable
the reconstruction of the same texture quality which is depicted through the
standard deviation values in Table 4.7.
Moreover, we observe the behaviour already unveiled in the physical
phantom data as well as in the aforementioned clinical cases. By combining
the SATV regularization and the detectability function (Figure 4.9(d)), we
enable simultaneously a high restoration of the background while preserving
the sharpness of the enhanced microcalcifications.
Nevertheless, we may observe some lesion-like structures enhanced in
Figure 4.9(d). This is due to the choice of the threshold ν that is involved
in the construction of the weight parameters (λi)1≤i≤m. The latter threshold
enables the preservation of the shape of the microcalcifications while it con-
trols the False Positives (FP). Furthermore, it is directly deduced from the
detection map (µi)1≤i≤m. Thus, we can infer that the construction quality
of the weight parameters (λi)1≤i≤m depends highly on the detection power
of the detection map.
Table 4.7: Statistics on a selected slice of a DBT reconstruction with size
3062× 994× 67 (voxels)
(α, β, η) Mean StD Max SDNR
(0, 600, 0) 2042.64 738.78 3206 2
(500, 600, 0) 2035.34 740.90 4009 3
(500, 660, 0.09) 2038.30 739.58 4006 3
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(a) (b) (c)
(d) (e)
Figure 4.9: Selected slice of a DBT reconstruction with size 3062 × 994 × 67
(voxels) (a) Detection map µ. (b) Weights (λi)1≤i≤m. (c) TV. (d) dTV. (e)
dSATV.
§ 4.5 Summary
Despite the tremendous amount of research works highlighting the success
of TV in various image processing applications, this penalty does not model
properly the heterogeneity within images. In this chapter, our main contri-
bution lies in introducing a new Spatially adaptive Total Variation (SATV)
regularization with the detectability function in DBT reconstruction. Hence-
forth, we have formulated a new definition for the weighted gradient field by
integrating a priori knowledge on microcalcification spatial location. Second,
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we have integrated the SATV as a regularization term in DBT reconstruc-
tion. Finally, we have demonstrated on different datasets the interest of our
approach which constitutes a promising way of improving state-of-the-art
methods.
It is worth mentioning that SATV regularization could be used in other
image processing applications (e.g., astronomy) that involve both localized
objects and homogeneous areas. A future direction for further improve-
ments is to investigate a more automatic setting of the different parameters
involved in SATV, depending on the targeted task and images to be pro-
cessed.
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Application of Majorize-Minimize Memory
Gradient (3MG) algorithm to the proposed DBT
reconstruction
§ 5.1 Introduction
As detailed in Chapter 4, the DBT reconstruction problem amounts to min-
imizing the objective function:






‖d‖2 + κQ(d). (5.1)
where D, Ψ and Q are defined by (3.11), (4.12) and (3.24), respectively.
Majorize-Minimize (MM) algorithms rely on successive majorizing approx-
imations of function f in order to produce a sequence of iterates that will
converge to a solution to the problem, under suitable assumptions. The
MM framework gives rise to a class of efficient and flexible optimization al-
gorithms that is grounded on solid theoretical foundations. MM algorithms
are very popular in the field of medical image reconstruction [50, 56, 61].
The Majorize-Minimize Memory Gradient (3MG) algorithm falls within this
class. Integrating a subspace acceleration strategy in the standard quadratic
MM algorithm constitutes one of the most efficient strategies for smooth op-
timization at large scales [36] and one of the few benefiting from convergence
guarantees in the non-convex case [37, 39].
The remainder of this chapter is organized as follows: in Section 5.2 we
first formulate 3MG algorithm when applied to Problem (5.1). Then, we
propose two numerical improvements of the algorithm, which aim to further
improve the speed of the reconstruction process in Section 5.3. Finally,
we assess the numerical performance of 3MG algorithm in Section 5.4 by
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comparing the convergence speed of the proposed method with those of
standard convex optimization algorithms.
§ 5.2 Majorize-Minimize Memory Gradient method
5.2.1 Subspace algorithm
A classic strategy to minimize the criterion f involves building a sequence
(d(j))j∈N of vectors in Rm such that
(∀j ∈ N) f(d(j+1)) ≤ f(d(j)). (5.2)
This can be carried out by translating the current solution d(j) at each
iteration j ∈ N along an appropriate direction c(j) ∈ Rm:
(∀j ∈ N) d(j+1) = d(j) + α(j)c(j). (5.3)
where α(j) > 0 is the step size, and c(j) is a descent direction. When
the criterion to be minimized is differentiable, which is the case for f , this
direction is chosen such that (∇f(d(j)))⊤c(j) ≤ 0 where ∇f(d(j)) denotes
the gradient of f at d(j) [18]. At the aim of improving the convergence rate,
a set of M search directions {c(j)1 , . . . , c
(j)
M } ⊂ Rm can be considered. Then
iteration (5.3) can be defined as following
(∀j ∈ N) d(j+1) = d(j) +B(j)u(j). (5.4)
where B(j) = [c(j)1 , . . . , c
(j)
M ] ∈ Rm×M is the search direction matrix and
u(j) ∈ RM is a multivariate step size, which is determined so as to minimize
on RM
u 7→ f(d(j) +B(j)u). (5.5)
By choosing M > 1, this may enable a faster convergence in terms of the
required number of iterations to reach the solution [38]. Yet, when M is
large, the cost per iteration may be more complex than a usual line search.
Henceforth, the dimension of the subspace is crucial to achieve a tradeoff
between the required number of iterations to reach convergence and the cost
per iteration.
In particular, the memory gradient subspace algorithm, initially pro-
posed in [98], is defined as:
(∀j ∈ N) B(j) =
{
[−∇f(d(j)) 0] if j = 0
[−∇f(d(j)) d(j) − d(j−1)] if j > 0,
(5.6)
where d(0) ∈ Rm is an initial volume and B(j) ∈ Rm×2 reduces to a stack
of a gradient descent direction and the difference between d(j) and d(j−1),
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the current and the previous iterates respectively. The subspace framework
(5.4)-(5.6) was shown to lead to a fast convergence on several examples in
the field of signal and image restoration [62, 40, 146]. Yet, to guarantee the
convergence of (5.4)-(5.6), a proper strategy should be adopted to compute
the step sizes (u(j))j∈N where, for every j ∈ N, u(j) ∈ R2, which is detailed
hereafter.
5.2.2 Majorize-Minimize framework
To compute the step size u(j) ∈ R2 at iteration j ∈ N, function (5.5) is
minimized using the Majorization-Minimization (MM) principle [106]. The
idea behind the MM approach is to perform successive minimizations of
some surrogate functions defined as tangent majorant functions for f .
Let d′ ∈ Rm. A function q(., d′) is said to be a tangent majorant for f
at d′, if for every d ∈ Rm,
q(d, d′) ≥ f(d) and q(d′, d′) = f(d′). (5.7)
Following [39] and since f is differentiable, we construct a quadratic tangent
majorant function for f at d′, taking the form:




(d− d′)⊤M(d′)(d− d′) (5.8)
where ∇f(d′) denotes the gradient of f at d′ and M(d′) ∈ Rm×m is a
symmetric positive definite matrix that ensures the majorization proper-
ties (5.7). Then, the minimization of f is substituted by a less complicated
subproblem, corresponding to the following MM Algorithm 3 :
Algorithm 3: Majorize-Minimize algorithm
1 Initialization with d(0) ∈ Rm,
2 for j = 1, . . . , Jmax do




An illustration of the MM principle is shown in Figure 5.1. The MM
framework combined with the subspace strategy (5.4) and (5.6) yields the
Majorize-Minimize Memory Gradient (3MG) algorithm [40, 35].
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Under the assumptions (i)-(iv) and by using the same procedure than
in [39], we can show that the matrix M can be defined as
(∀d ∈ Rm) M(d) = A⊤A+ L⊤Diag{b(d)⊗ δ}L+ (γ + 2κ)Im. (5.11)
Hereabove, b(d) = (bi(d))1≤i≤m ∈ Rm is such that, for every i ∈ {1, . . . ,m},
bi(d) = ω(‖(Ld)i‖) (5.12)
By applying (5.10) on (5.12), we deduce for every i ∈ {1, . . . ,m} ,
bi(d) = β(‖(Ld)i‖2 + ϵ2)−1/2 (5.13)
where (Ld)i is the i-th block of 3 components of Ld, with L defined in (4.14).
5.2.4 Formulation of the algorithm
At each iteration j ∈ N, the step size u(j) is obtained by minimizing the
quadratic function u 7→ q(d(j)+B(j)u, d(j)), which yields the following closed
form expression:
u(j) = −((B(j))⊤M(d(j))B(j))†(B(j))⊤∇f(d(j)), (5.14)
where † denotes the pseudo-inverse operation. The 3MG algorithm iterates
over Steps (5.6), (5.14), and (5.4). The convergence of the sequence (d(j))j∈N
produced by 3MG to the minimizer of the strongly convex function f is
secured [39]. In practice, we initialize the 3MG algorithm by using d(0)
as the Filtered Backprojection (FBP) reconstruction and we implement a
maximum iteration number Jmax, leading to Algorithm 4.
Algorithm 4: 3MG Algorithm for DBT reconstruction
1 Initialization with d(0) obtained by FBP,
2 for j = 1, . . . , Jmax do
3 For all i ∈ {1, . . . ,m}, set bi(d(j)) using (5.13);
4 Construct M(d(j)) using (5.11);
5 Build B(j) using (5.6);
6 Calculate u(j) using (5.14);
7 Update d(j+1) = d(j) +B(j)u(j);
8 end
§ 5.3 Numerical improvements of 3MG algorithm
Function Q defined in (3.24) penalizes the distance of each component of d
to the hypercube [0, dmax]m. The strength of this penalization is controlled
82
Chapter 5. Application of Majorize-Minimize Memory Gradient (3MG)
algorithm to the proposed DBT reconstruction
through the weight κ. The greater κ, the closer κQ to the indicator func-
tion of the hypercube, hence the more faithfully the constraints are fulfilled.
However, increasing κ also induces an increase of the curvature of the ma-
jorizing function q, leading in practice to a slowdown of the convergence
of the 3MG algorithm, in practice. To address this issue, we propose two
modifications in the Algorithm 4 explained hereafter.
5.3.1 Construction of a local majoration
We first substitute (5.11) by
(∀d ∈ Rm) M̃(d) = A⊤A
+ L⊤Diag{b(d)⊗ δ}L+ γIm + Diag{s(d)}, (5.15)
where, for every i ∈ {1, . . . ,m}, the i-th component of vector s(d) is
si(d) =
{
0 if di ∈ [0, dmax]
2κ otherwise.
(5.16)
This amounts to relaxing the majorizing assumption (5.7) by considering
only a local majoration for f in the neighborhood of the current iterate.
5.3.2 Iteration-varying κ
Second, in order to further mitigate the negative impact of a large value of κ,
which allows to adjust the range value constraint term, on the convergence
speed, we propose to progressively increase this weight along the number of
iterations by implementing the following rule




where κmax is a maximum value for (κ(j))j∈N and ξ ≥ 0 is a parameter
controlling the evolution of this sequence along the number of iterations.
When j goes to infinity, κ(j) → κmax. Herein, we highlight three scenarios
for ξ value :
• When ξ = 0, a constant parameter κ(j) ≡ κmax is retrieved.
• With small values of ξ, a large penalization weight is obtained from
the very beginning of the algorithm.
• With large values of ξ, a more gradual penalization over the pixel
intensity is performed.
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§ 5.4 Numerical performance of 3MG algorithm
In this section, we aim at evaluating the practical convergence profile of the
proposed reconstruction approach. For this purpose, we conduct a compar-
ison of the convergence speed with two state-of-the-art optimization meth-
ods, namely the Projected Gradient Descent (PGD) [25] which is detailed in
Section 5.4.1 and Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)
[27] presented in Section 5.4.2. Our experimental results are shown in Sec-
tion 5.4.3.
5.4.1 Projected Gradient Descent
Projected Gradient Descent (PGD) is one of the simplest first order opti-
mization methods. Recall that the values of the reconstructed volume lie in
a specific range of values [0, dmax], a property which can be formulated as
a constraint in our optimization problem. In this context, we consider the
projected gradient descent, a variant of the gradient descent which is used
to minimize a smooth function subject to a certain constraint. Henceforth,
our function g to be minimized reads






‖d‖2 + ι[0,dmax]m(d), (5.18)
where ι[0,dmax]m is the indicator function of the closed and convex constraint
set corresponding to the plausible dynamic range. Below we detail the steps
of the projected gradient descent algorithm.
Algorithm 5: Projected Gradient Descent
1 Initialization with d(0) obtained by FBP,
2 for j = 1, . . . , Jmax do
3 d(j+1) = P[0,dmax]m(d
(j) − λ(j)∇g(d(j))) ;
4 end
Hereabove, Jmax denotes the maximum iteration number and P[0,dmax]m
the projection onto the hypercube [0, dmax]m. We emphasize that, at each
iteration j, we set the step size λ(j) = λ so that




where β̃ is a Lipschitz constant of the gradient of g hence satisfying:
∀(x, y) ∈ (Rm)2, ‖∇g(x)−∇g(y)‖ ≤ β̃‖x− y‖. (5.20)
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Condition (5.19) ensures the convergence of the algorithm. In our case, a








5.4.2 Fast Iterative Shrinkage-Thresholding Algorithm
Under the same smoothness assumptions on function g in (5.18), another
popular first-order algorithm called Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) can be applied. The latter one is an accelerated variant
of the Forward-Backward algorithm [13]. Compared to PGD, FISTA is
a proximal gradient descent incorporating a step of interpolation between
the iterates d(j) and d(j−1) to find d(j+1). This interpolation is over-relaxed
thanks to a convergent sequence of relaxation parameters which controls the
convergence acceleration of the algorithm. Over the years, various choices
for this sequence have been suggested to improve the convergence properties
of the algorithm. In our study, we have assessed the variant proposed in [27].
Hereafter, we detail the application of the algorithm to our Problem (5.18).
Algorithm 6: FISTA
1 Initialization with d(0) obtained by FBP, d(−1) = d(0), t(−1) = 1
2 for j = 0, 1, . . . , Jmax do
3 ρ(j) = jj+1+a ;
4 ˜d(j) = d(j) + ρ(j)(d(j) − d(j−1)) ;
5 dl+1 = P[0,dmax]m(
˜d(j) − λ∇g( ˜d(j))) ;
6 end
We have to choose the step size λ such that
0 < λ ≤ 1
β̃
, (5.22)
where β̃ is the Lipschitz constant of ∇g given by (5.21). The latter condition
is paramount to ensure the algorithm convergence.
5.4.3 Experimental results
In this part, we illustrate the practical convergence profile of the proposed
reconstruction algorithm on a DBT clinical dataset corresponding to a BI-
RADS d breast composition. We solve the optimization Problem (5.1) with
3MG method, either using its initial form described in Algorithm 4, or
its variants proposed in Section 5.3. We also perform comparisons with
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FISTA and PGD explained in Sections 5.4.2 and 5.4.1 respectively. All
the algorithms have been initialized with FBP solution and ran until 104
iterations. We choose the latter maximum iteration number in order to
better evaluate the convergence properties of the assessed algorithms and to
ensure that all the algorithms converge approximately to the same solution.
We set the elastic net weight γ = 1 for all the experiments, which allows
to ensure the uniqueness of the solution d∗ while not degrading the overall
image quality of DBT.
For conciseness we refer to :
• Algorithm 4 with modified majorant (5.15) as 3MG+.
• The cases when κ(j) ≡ κmax either as 3MG-κmax or 3MG+-κmax.
• The cases when the varying rule (5.17) is adopted, either as 3MG-κ+
and 3MG+-κ+.
We set κmax = 103, since it was observed to lead to the same image quality
at convergence as when using FISTA and PGD algorithms. Furthermore,
we set ξ = 75 in (5.17) since it was observed to achieve the best trade-off
between convergence speed and image quality.



















Figure 5.2: Comparison of 3MG and its variants, on clinical data in terms
of f(d(j))−f∗ where f∗ corresponds to the cost function value of 3MG+-κmax
at iteration 104.
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First, we assessed the convergence of 3MG variants by considering the
evolution of the criterion f to the value f∗, computed after a large number
of iterations equal to 104. This is illustrated in Figure 5.2. We note that
3MG+-κ+ is faster than its counterparts.
























Figure 5.3: Comparison between 3MG variants and two state-of-the-art
methods, on clinical data in terms of ‖d(j)−d∗‖ where d∗ is the reconstructed
volume for each algorithm at iteration 104.
To further highlight this result, we computed the evolution of the dis-
tance to the solution d∗, evaluated after a large number of iterations equal
to 104. PGD and FISTA algorithms are also included in this comparison,
as displayed in Figure 5.3. We notice that 3MG-κmax, that corresponds to
the standard 3MG implementation, leads to the slowest convergence. Fur-
thermore, 3MG+-κmax reaches similar performance to FISTA and 3MG+-κ+
outperforms the other competitors in terms of convergence speed. Finally,
we observe that even though 3MG-κ+ is faster than 3MG-κmax, it remains
clearly slower than 3MG+-κ+. Then, we may infer that the local majo-
rant strategy represents a great boost to the convergence speed of 3MG
algorithm. Furthermore, ξ value in the iteration-varying strategy κ may be
finetuned for the standard 3MG implementation. More precisely, it might
be interesting to investigate larger values of ξ parameter to achieve the best
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trade-off between convergence speed of 3MG-κ+ algorithm and image qual-
ity.
§ 5.5 Summary
We have proposed an efficient algorithm based on the Majorize-Minimize
Memory Gradient (3MG) scheme, to minimize our proposed objective func-
tion. We have conducted a numerical comparison of the convergence speed
of the proposed method with those of standard convex optimization algo-
rithms. The practical convergence profile shows the interest of our contri-
bution regarding the numerical improvements of 3MG algorithm applied to
our reconstruction approach. Thereby, by combining a local majorant with
the iteration-varying κ scheme, 3MG has the best convergence performance.
Furthermore, convex optimization algorithms such as PGD and FISTA re-
quire the computation of the Lipschitz constant, which may be cumbersome
in large-scale simulation scenarios. In contrast, 3MG algorithm has the
advantage to enable an automatic computation of the stepsize.
Furthermore, we have observed that the global image quality of the re-
constructed DBT volume does not change after a certain number of itera-
tions. From a practical point of view, one could set the stopping criteria
based on defining the number of iterations required to obtain a satisfactory
approximation to the solution.
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Quantitative assessment of the proposed DBT
reconstruction approach
§ 6.1 Introduction
The main goal of our proposed dSATV approach is to yield more conspic-
uous and enhanced microcalcifications while increasing robustness to noise
and improving the overall quality in the imaged volume. So far, we have
demonstrated qualitatively these qualities on phantom and several clinical
data. To bring insight to the visual contribution of the regularization func-
tions proposed in our dSATV reconstruction approach, we propose in this
chapter to perform a quantitative evaluation of its performance. To this
aim, we conduct a visual experiment trial where experts compare dSATV
and NRLS reconstructions, regarding several aspects including microcalci-
fication conspicuity, rendering of breast structures, presence of potential
artifacts and overall visual preference.
The remainder of this chapter is structured as follows: we explain the
methodology of the visual experiment study in Section 6.2 by detailing the
construction of the image data set and the image review protocol. In Section
6.3, we present and discuss the results of our experiment.
§ 6.2 Visual Experiment settings
6.2.1 Image data set
We have extracted 19 regions of interest from 16 clinical cases corresponding
to BI-RADS c and d breast compositions. For each clinical case, 9 projec-
tions were acquired using the same DBT system (Senographe Essential, GE
Healthcare). In this regard, we consider the same experimental settings as
detailed in Section 3.4.1. We constructed the detectability function and the
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SATV regularization as explained in Sections 3.4.1 and 4.4.1 respectively.
We then reconstructed each case with both the standard non-regularized
least squares solution NRLS and our proposed dSATV solution. For the
latter, the parameters were set following the same approach as detailed in
Sections 3.4 and 4.4, and finally we used the improved 3MG optimization
algorithm detailed in Section 5.3 which was initialized with FBP solution
and run until a maximum number of iterations (here equal to 200). Each
of the 19 regions of interest was 220 × 220 × 7 voxels in size, four of them
contain isolated microcalcifications while the remaining ones display vari-
ous types of microcalcification groups, as illustrated in Figure 6.1 and 6.2
respectively.
(a) ROI n°2 (b) ROI n°12
(c) ROI n°13 (d) ROI n°17
Figure 6.1: Central slice of four extracted regions of interest in clinical cases
with isolated microcalcifications, reconstructed with dSATV solution.
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(a) ROI n°1 (b) ROI n°3 (c) ROI n°4
(d) ROI n°5 (e) ROI n°6 (f) ROI n°7
(g) ROI n°8 (h) ROI n°9 (i) ROI n°10
(j) ROI n°11 (k) ROI n°14 (l) ROI n°15
(m) ROI n°16 (n) ROI n°18 (o) ROI n°19
Figure 6.2: Central slice of 15 extracted regions of interest in clinical cases
presenting various types of microcalcification groups, reconstructed with dSATV
solution.
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6.2.2 Image readers
Fourteen qualified participants, namely five GE Healthcare image quality
experts in mammography and nine radiologists from Institut de Radiolo-
gie de Paris and CSE imagerie médicale numérique, Paris in France,
participated in our visual experiment. We distinguish three different cate-
gories of radiologists according to their level of expertise where:
• category “Expert” denotes that the radiologist reads more than 5000
cases per year;
• category “Advanced” denotes that the radiologist reads between 2500
and 5000 cases per year;
• category “Junior” denotes that the radiologist reads less than 2500
cases per year.
We note that three of the radiologists belong to “Expert” category, four of
them are in the “Advanced” category and two are in the “Junior” category.
6.2.3 Image review protocol
For each test case, we built visual trials displaying side by side (with ran-
dom left/right side assignation) both reconstruction results as illustrated in
Figure 6.3. No training session was conducted before the actual experiment
for all the readers. Each reader reviewed sequentially, in the same order, the
19 trial image pairs. The 7 slices of each image pair were displayed using a
cine-loop review mode scrolling back and forth through the stack of slices.
This mode enables the reader to appraise the 3D information within each
trial. An example of the series of the 7 slices in a trial is displayed in Figure
6.4. Furthermore, between two consecutive trials, a uniform neutral grey
level image was displayed to introduce a memory reset stimulus between
two successive trials.
For each trial, the reader was asked to choose between right or left image
by answering the following questions:
• Q1: In which image the microcalcifications are more conspicuous?
(Right/Left)
• Q2: In which image do you see a better representation of the breast
structures? (Right/Left)
• Q3: In which image do you see more artifacts? Describe them.
(Right/Left, then description)
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experts in mammography to quantitatively assess the contribution of our
proposed approach dSATV. The results show the superiority of dSATV over
the non-regularized least squares solution NRLS according to four criteria:
microcalcification conspicuity, rendering of breast structures, presence of
potential artifacts and overall visual preference. Furthermore, the results
of the inter-reader agreement analysis tend to show that the radiologists
may scrutinize the DBT reconstruction in favor of the clinical task, which
is directly related to the conspicuity of microcalcifications, whereas, GE
Healthcare experts may be more sensitive towards the overall image quality
in the DBT reconstruction. Note that it might be worthwhile to perform this
visual experiment in larger populations of readers, especially for the category
“Junior” to better seize the potential prospects for dSATV improvements.
A future direction for further improvements should consider the differ-
ent artifacts observed in our dSATV reconstruction approach, namely the
undershooting around the microcalcifications, the presence of false positives
and the non-realistic rendering of microcalcifications observed in some cases.
- Chapter 7 -
Conclusion
§ 7.1 Summary
The detectability of microcalcifications is a difficult problem in the context
of DBT due to the characteristics of these lesions and the inherent geo-
metric limitations of DBT. During this thesis, our main axes of research
aimed at improving the microcalcification detectability in DBT volumes by
focusing on the reconstruction algorithm. Accordingly, we have established
a novel variational reconstruction framework in DBT tailored for enhanc-
ing the microcalcification detection performance and enabling a high-quality
restoration of the background breast tissues.
In Chapter 2, we have focused on the clinical context of our research work.
Therefore, we have introduced the breast cancer epidemiology and we have
presented the imaging modalities currently used to detect suspicious lesions.
Then, a special attention was dedicated to DBT which was introduced to
reduce the limitations of FFDM, the current standard for breast cancer
screening and diagnosis. An in-depth presentation of DBT was provided to
explain its main features and benefits over FFDM and to discuss its per-
formance in microcalcification detectability. As the latter performance has
not yet reached consensus in the medical community, we investigated the
reconstruction algorithm, which is a DBT key ingredient, to shed light on
the core contributions of our research work.
In Chapter 3, we have explained the downsides of a typical workflow in-
volving lesion detection task in DBT. Then, we have introduced our clinical-
task based reconstruction approach. It integrates the radiological perfor-
mance associated with a given clinical task to the reconstruction procedure.
We proposed a novel a priori term in the DBT reconstruction combining reg-
ularized iterative DBT reconstruction and the task-based assessment strat-
egy adopted in anthropomorphic model observers, namely CHO observer.
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This approach aims at enhancing the detectability of microcalcifications in
DBT reconstruction as the targeted clinical task.
Thus, we have proposed a new penalty function in our reconstruction
method whose formulation takes its roots into the framework of CHO ob-
server. Afterwards, we have presented the methodology to construct this
novel function that acts as an enhancer for the microcalcification detectabil-
ity. Finally, we have incorporated this detectability function in the proposed
optimization approach. Experimental results have demonstrated the great
interest of our method in terms of microcalcification enhancement compared
with standard DBT reconstruction on both physical phantom and clinical
data.
In Chapter 4, we have emphasized the need of investigating more sophis-
ticated spatial regularization when reconstructing the DBT volume. In fact,
breasts consist of several anatomical components with very different attenu-
ation properties compared with the ones of the microcalcifications. Resorting
to classical regularization approaches, such as total-variation (TV), is not
enough to cope with such heterogeneity within the DBT images. In such
challenging context, our contribution is to propose a new Spatially Adap-
tive TV (SATV) regularization function which responds to the need for
heterogeneous spatial regularization in DBT reconstruction. In addition, it
accounts for the different morphological contents of the breast. Henceforth,
we provided an original discretization of the gradient field of the image that
incorporates prior knowledge on the structural contents of the image. Thus,
the SATV operator acts differently according to the sought local information
around each voxel. Finally, we have derived our SATV regularization and
incorporated it in the clinical-task based reconstruction approach for DBT,
leading to the dSATV approach.
We have shown on both physical phantom and clinical data the great
potential of our approach for preserving the shape of the enhanced microcal-
cifications while reducing the noisy appearance in background breast tissues
and finally for improving the overall image quality. Thus, SATV regular-
izer constitutes a promising improvement with respect to state-of-the-art
regularization methods.
In Chapter 5, we have investigated the application of Majorize-Minimize
Memory Gradient (3MG) algorithm to our proposed dSATV approach. We
have proposed two numerical improvements. First, we have considered a
local majoration of the objective function in the neighbourhood of the cur-
rent iterate. Indeed, this amounts to relaxing the majorizing assumption
defined in MM approach. Second, we have suggested a new scheme to in-
crease progressively the weight of the distance penalization function of each
voxel of the volume to the plausible hypercube. Then, we have carried out
a numerical comparison of the convergence speed of the proposed method
with those of standard convex optimization algorithms.
The practical convergence profile demonstrates the potential interest of
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the proposed numerical improvements of 3MG algorithm applied to our re-
construction framework. By combining the local majorant with the iteration-
varying κ scheme, 3MG has the best convergence performance, when com-
pared to several state-of-the-art minimization schemes.
In Chapter 6, we have carried out a visual experiment trial on fourteen
raters involving nine radiologists with different levels of expertise and five
GE Healthcare experts in mammography at the aim of quantitatively evalu-
ate the contribution of our proposed dSATV approach. As a result, dSATV
was shown to outperform the non-regularized least squares solution NRLS
based on four criteria: microcalcification conspicuity, rendering of breast
structures, presence of potential artifacts and overall visual preference. In
addition, we have assessed the inter-reader agreement between the readers
by computing the Gwet’s AC1 coefficient. The results demonstrated that
the radiologists may examinate the DBT reconstruction in favor of the clini-
cal task in the context of breast cancer screening, which is directly linked to
microcalcification conspicuity, while, GE Healthcare experts may be more
sensitive towards the overall image quality in the DBT reconstruction.
In the next section, we suggest several extensions of the aforementioned
contributions that could be investigated for future works.
§ 7.2 Perspectives
The detectability function introduced in Chapter 3 could be further im-
proved as proposed hereafter.
Deploy accelerated versions of Parallel Forward-Backward based
Primal-Dual Algorithm
The formulation of the parallel Forward-Backward Primal-Dual Al-
gorithm in Section 3.3.2 requires the computation of the Lipschitz
constant of the differentiable part of the loss function. From a prac-
tical point of view, this turns out to be cumbersome in large-scale
simulation scenarios. It would be therefore interesting to integrate
accelerated versions of primal-dual algorithm proposed in [79, 45].
Investigate the False positives in the developed detection map
In our strategy proposed to construct the detection map in Section
3.3.2, we apply on the TV-based solution obtained by Algorithm 2
successive opening operators. The aim was to detect the voxels com-
prising structures suspected to be microcalcifications whose size lies
in a specific range. Since the selection criterion is solely based on the
size, this method keeps structures not identified as microcalcifications
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(false positives) that share the same size as microcalcifications. As a
consequence, it might be worthwhile to investigate more sophisticated
morphological operators that encompass the different characteristics
of microcalcification in terms of size, shape, contrast and distribution
[42, 141, 31, 95] for a better distinction between true postives (micro-
calcifications) and false positives.
Study the application of an improved 3D model observer to better
match human observer performance
The channelization mechanism in the CHO model adopted in Section
3.4.1 does not take into consideration the correlation between the slices
of the input volume. It might be a good choice to investigate the exten-
sions of CHO model in [112] which were proposed to realistically model
the stack review mode of volume slices in DBT. In addition, different
spatial and frequency channel models were proposed in literature to
model characteristics of the human visual system in certain conditions.
It might be of interest to compare Laguerre-Gauss application with the
frequently applied channels such as the Gabor channels [145] and the
square channels [117, 100]. Furthermore, our used model observer does
not encounter the viewing distance and the scrolling speed of the hu-
man observer when reading a stack of images. These aspects could
be integrated by using a spatio-temporel contrast-sensitivity function
enabling better matches with human observer performance [10]. Fi-
nally, an extension of the white Gaussian noise model in equation
(3.2) to more complex models might be worthwhile to better handle
the non-Gaussian noise in the clinical images.
We propose the following potential improvements and future leads related
to our SATV regularization studied in Chapter 4.
Consider an automatic setting of SATV parameters
One limitation of the proposed SATV regularization is that we need
to fix its parameters for each volume. Moreover, to construct the
adequate weight parameters in new reconstructed equation (4.8) for
each volume, we need to search for an optimal value of ν parameter,
that preserves the geometric shape of the detected microcalcifications,
whereby conducting dSATV reconstructions for the assessed values
of ν. From a practical point of view, this methodology should be
improved by adopting an automatic setting of ν parameter given the
location of microcalcifications.
Extend the application of SATV regularization
Apart from microcalcifications, the breast may contain other lesions as
detailed in Section 2.2.3. Thus, SATV function could be extended to
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spatially adapt the regularization providing sharper and more robust
shape preservation of the different components of the breast. We also
highlight that SATV regularization could be applied to other image
processing applications (e.g., astronomy) that involve both localized
objects and homogeneous areas.
Building on 3MG algorithm applied to our proposed DBT reconstruction in
Chapter 5, we suggest the following research directions.
Study the convergence proof of the proposed numerical improve-
ments of 3MG algorithm
The proposed numerical improvements in Section 5.3 have numeri-
cally demonstrated their efficiency in boosting the convergence speed
of 3MG algorithm. From a theoretical perspective, a rigorous the-
oretical proof should be conducted to study the convergence of the
proposed improved variant of 3MG algorithm and further extend its
application.
Explore stopping criteria strategy for DBT reconstruction algo-
rithm
We have observed that the global image quality of the reconstructed
DBT volume does not change after a certain number of iterations.
From a practical point of view, we can explore more adapted stopping
criteria schemes, such as early stopping rules studied in [91, 115], based
on defining the number of iterations required to obtain a satisfactory
approximation to the solution. One possible starting point is to con-
duct a psychovisual experiment to determine the required number of
iterations.
Deep unfold 3MG algorithm
Several recent works have investigated the combination between deep
learning (DL) and iterative reconstruction approaches [17, 2, 130].
The advantage of these methods is that they provide a better con-
vergence speed when compared to standard optimization algorithms
and interpretable models in contrast to “Black-box” end-to-end learn-
ing. Therefore, we may explore this approach by deep unfolding the
fastest variant of 3MG algorithm to benefit from a potential gain in
terms of convergence speed as well as a better distinction between
enhancing true positives versus false postives in volumes through a
dedicated training dataset. In addition, a suitable GPU implementa-
tion could be beneficial to improve the efficiency of the implemented
algorithm.
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Finally, we suggest a possible following future direction related to artefacts
reduction in DBT reconstruction.
Deep learning projection interpolation
With the aim of reducing replication artefacts in DBT reconstruction,
we have investigated projection interpolation using deep learning (DL)
approach. Preliminary results conducted on both synthetic and clini-
cal data showed the potential interest of the proposed approach when
compared to linear interpolation. Indeed, generating more projections
under the standard DBT angular aperture using the proposed DL-
based approach reduced the intensity of replication artefacts in the
reconstructed volume. Then, it would be worthwhile to further inves-
tigate this approach considering the following leads: training the net-
work on a larger dataset which comprises higher variability in terms of
texture and lesions, designing a DL architecture which better reflects
the DBT geometry and finally assess a larger angular range through a
dedicated training data set, as studied in the CT scenario [33].
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